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(A− I)(A+ I)B = A+ I, (A− I)B = I§

¤±§|B| = 1
|A−I| = 1
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�n��þα = (a, 0, ..., 0, a)T§a < 0.I´n�ü Ý
.Ý


A = I − ααT , B = I + 1
a
ααT .eA�_Ý
´B§Ka = .

�Yµ −1 .

Ï�§AB = I,

(I−ααT )(I+ 1
a
ααT ) = I+ 1

a
ααT −ααT − 1

a
(ααT )(ααT ) = I,

(ααT )(ααT ) = (αTα)(ααT ) = 2a2(ααT ), (ααT ) 6= 0,

¤±§2a2 + a− 1 = 0, a < 0, a = −1.
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�n��þα = (a, 0, ..., 0, a)T§a < 0.I´n�ü Ý
.Ý


A = I − ααT , B = I + 1
a
ααT .eA�_Ý
´B§Ka = .

�Yµ −1 .

Ï�§AB = I,

(I−ααT )(I+ 1
a
ααT ) = I+ 1

a
ααT −ααT − 1

a
(ααT )(ααT ) = I,

(ααT )(ααT ) = (αTα)(ααT ) = 2a2(ααT ), (ααT ) 6= 0,

¤±§2a2 + a− 1 = 0, a < 0, a = −1.
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�A,Bþ�3�Ý
§I�3�ü Ý
.

®�AB = 2A+B§B =


2 0 2

0 4 0

2 0 2

 ,K(A− I)−1 = .

�Yµ


0 0 1

0 1 0

1 0 0

 .

Ï�§AB = 2A+B,

(A− I)B = 2(A− I) + 2I, (A− I)[ 1
2
(B − 2I)] = I,

(A− I)−1 = 1
2
(B − 2I).
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�A,Bþ�3�Ý
§I�3�ü Ý
.

®�AB = 2A+B§B =


2 0 2

0 4 0

2 0 2

 ,K(A− I)−1 = .

�Yµ


0 0 1

0 1 0

1 0 0

 .

Ï�§AB = 2A+B,

(A− I)B = 2(A− I) + 2I, (A− I)[ 1
2
(B − 2I)] = I,

(A− I)−1 = 1
2
(B − 2I).
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��þ|I : α1, ..., αr�±d�þ|II : β1, ..., βs�5LÑ§K .

A. r < s�§�þ|II7�5�'¶

B. r > s�§�þ|II7�5�'¶

C. r < s�§�þ|I7�5�'¶

D. r > s�§�þ|I7�5�'.

�Yµ D .

�þ|�þ�êõ�����5LÑ§õ��½�5�'.

¤±§ÀD..
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��þ|I : α1, ..., αr�±d�þ|II : β1, ..., βs�5LÑ§K .

A. r < s�§�þ|II7�5�'¶

B. r > s�§�þ|II7�5�'¶

C. r < s�§�þ|I7�5�'¶

D. r > s�§�þ|I7�5�'.

�Yµ D .

�þ|�þ�êõ�����5LÑ§õ��½�5�'.

¤±§ÀD..
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3�Ý
A =


a b b

b a b

b b a

§eA���Ý
���1§K7k .

A.a = b½a+ 2b = 0; B.a = b½a+ 2b 6= 0;

C.a 6= b�a+ 2b = 0; D.a 6= b�a+ 2b 6= 0.

�Yµ A .

Ï�AA∗ = |A|I, |A||A∗| = |A|3§
A∗���1§|A∗| = 0§

¤±§|A| = 0,�A��k��2�fªØ�0.


|A| = (a+ 2b)(a− b)2 = 0§¤±§a = b½a+ 2b = 0§

�3a = b�§A����õ�1§A∗ = 0§¤±a 6= b.
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3�Ý
A =


a b b

b a b

b b a

§eA���Ý
���1§K7k .

A.a = b½a+ 2b = 0; B.a = b½a+ 2b 6= 0;

C.a 6= b�a+ 2b = 0; D.a 6= b�a+ 2b 6= 0.

�Yµ A .

Ï�AA∗ = |A|I, |A||A∗| = |A|3§
A∗���1§|A∗| = 0§

¤±§|A| = 0,�A��k��2�fªØ�0.


|A| = (a+ 2b)(a− b)2 = 0§¤±§a = b½a+ 2b = 0§

�3a = b�§A����õ�1§A∗ = 0§¤±a 6= b.
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�α1, ..., αsþ�n��þ§Ke�(ØØ�(�´ .

A.eé?¿�|Ø��0�êk1, ..., ks§

Ñkk1α1 + ...+ ksαs 6= 0§Kα1, ..., αs�5Ã'¶

B.eα1, ..., αs�5�'§

Ké?¿�|Ø�0�êk1, ..., ks§kk1α1 + ...+ ksαs = 0¶

C.α1, ..., αs�5Ã'�¿�^�´d�þ|���s;

D.α1, ..., αs�5Ã'�7�^�´Ù¥?¿ü��þ�5Ã'.

�Yµ B .

�þ|�5�'´�3Ø��"�Xê¦Ù|Ü�u"¤á§


Ø´¤k��"Xê¦Ù|Ü�"¤á"
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�α1, ..., αsþ�n��þ§Ke�(ØØ�(�´ .

A.eé?¿�|Ø��0�êk1, ..., ks§

Ñkk1α1 + ...+ ksαs 6= 0§Kα1, ..., αs�5Ã'¶

B.eα1, ..., αs�5�'§

Ké?¿�|Ø�0�êk1, ..., ks§kk1α1 + ...+ ksαs = 0¶

C.α1, ..., αs�5Ã'�¿�^�´d�þ|���s;

D.α1, ..., αs�5Ã'�7�^�´Ù¥?¿ü��þ�5Ã'.

�Yµ B .

�þ|�5�'´�3Ø��"�Xê¦Ù|Ü�u"¤á§


Ø´¤k��"Xê¦Ù|Ü�"¤á"
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�Ý
B =


0 0 1

0 1 0

1 0 0

§®�Ý
A�quB§KA− 2I��

�A− I���Ú´ .

A. 2 B. 3; C. 4; D. 5.

�Yµ C .

Ï�A,B�q§¤±�3�_Ý
P§¦�P−1AP = B§

l
§P−1(A− 2I)P = B − 2I, P−1(A− I)P = B − I.


r(B − 2I) = 3, r(B − I) = 1§�qÝ
k�Ó��§

¤±§r(A− 2I) + r(A− I) = 4.
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�Ý
B =


0 0 1

0 1 0

1 0 0

§®�Ý
A�quB§KA− 2I��

�A− I���Ú´ .

A. 2 B. 3; C. 4; D. 5.

�Yµ C .

Ï�A,B�q§¤±�3�_Ý
P§¦�P−1AP = B§

l
§P−1(A− 2I)P = B − 2I, P−1(A− I)P = B − I.


r(B − 2I) = 3, r(B − I) = 1§�qÝ
k�Ó��§

¤±§r(A− 2I) + r(A− I) = 4.
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eÝ
A =


2 2 0

8 2 a

0 0 6

�qué�
D§Á(½~êa§¿¦�
_Ý
P§¦�P−1AP = D.

)µÝ
A�A��§�

|λI −A| =

∣∣∣∣∣∣∣∣∣
λ− 2 −2 0

−8 λ− 2 −a

0 0 λ− 6

∣∣∣∣∣∣∣∣∣ = (λ− 6)2(λ+ 2)

¤±§Ak�­A��λ1 = 6,�­A��λ2 = −2¶
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eÝ
A =


2 2 0

8 2 a

0 0 6

�qué�
D§Á(½~êa§¿¦�
_Ý
P§¦�P−1AP = D.

)µÝ
A�A��§�

|λI −A| =

∣∣∣∣∣∣∣∣∣
λ− 2 −2 0

−8 λ− 2 −a

0 0 λ− 6

∣∣∣∣∣∣∣∣∣ = (λ− 6)2(λ+ 2)

¤±§Ak�­A��λ1 = 6,�­A��λ2 = −2¶
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ò�­A��λ1 = 6�\àg�5�§|(λI −A)X = 0� 4x1 −2x2 = 0

−8x1 +4x2 −ax3 = 0

A��qé�z�¿©7�^�´�­A��λ1 = 6kü��

5Ã'�A��þ§¤±a = 0.

d�Ý
AáuA��λ1 = 6�ü��5Ã'�A��þ�
1

2

0

 ,


0

0

1

.
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ò�­A��λ1 = −2�\àg�5�§|

(λI −A)X = 0§�


−4x1 −2x2 = 0

−8x1 −4x2 = 0

−8x3 = 0

§

áuλ1 = −2�5Ã'�A��þ


−1

2

0

.

�P =


1 0 −1

2 0 2

0 1 0

§KP−1AP =


6 0 0

0 6 0

0 0 −2

.
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®��5�§|

(a1 + b)x1 + a2x2 + a3x3 + · · ·+ anxn = 0

a1x1 + (a2 + b)x2 + a3x3 + · · ·+ anxn = 0

a1x1 + a2x2 + (a3 + b)x3 + · · ·+ anxn = 0
...

...

a1x1 + a2x2 + a3x3 + · · ·+ (an + b)xn = 0

.

Ù¥
n∑
i=1

ai 6= 0.Á?Øa1, a2, ..., an�b÷v�o'X�§

(1)�§|=k")¶

(2)�§|k�").k�")�§¦ÑÙÄ:)X.
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)µ�§|�Xê1�ª�

|A| =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a1 + b a2 a3 · · · an

a1 a2 + b a3 · · · an

a1 a2 a3 + b · · · an
...

...
...

...

a1 a2 a3 · · · an + b

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
òÙ��Ñ\�1��§,�2òÙ1�1¦−1\�±e�

1§O��|A| = bn−1(b+
n∑
i=1

ai).

¤±§�b 6= 0�b 6= −
n∑
i=1

ai�§�§�Xê1�ª|A| 6= 0§

�§�k")¶
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�b = 0½b = −
n∑
i=1

ai�§�§�Xê1�ª|A| = 0§�§k

�").

�b = 0�§�§|Ó)ua1x1 + a2x2 + · · ·+ anxn = 0§

du
n∑
i=1

ai 6= 0§¤±a1, a2, ..., anØ��0§Ø��a1 6= 0§

l
�§|d��Ä:)X�

η1 =



−a2
a1

1

0
...

0


, η2 =



−a3
a1

0

1
...

0


, · · · , ηn−1 =



−an
a1

0
...

0

1


.
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�b = −
n∑
i=1

ai 6= 0�§�§|XêÝ
��r(A) = n− 1§Ù

Ä:)X¹��).





1
...

1

 ´Ù���")§¤±�´d��§|�Ä:)X.

20

��g.

f(x1, x2, x3) = XTAX = ax2
1 + 2x2

2 − 2x2
3 + 2bx1x3, (b > 0)§

Ù¥�g.�Ý
A�A���Ú�1§A���È�-12.

(1)¦a, b��¶(2)|^��C�ò�g.z�IO/§¿�Ñ¤^

���C�ÚéA���Ý
.
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�b = −
n∑
i=1

ai 6= 0�§�§|XêÝ
��r(A) = n− 1§Ù

Ä:)X¹��).





1
...

1

 ´Ù���")§¤±�´d��§|�Ä:)X.

20

��g.

f(x1, x2, x3) = XTAX = ax2
1 + 2x2

2 − 2x2
3 + 2bx1x3, (b > 0)§

Ù¥�g.�Ý
A�A���Ú�1§A���È�-12.

(1)¦a, b��¶(2)|^��C�ò�g.z�IO/§¿�Ñ¤^

���C�ÚéA���Ý
.
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)µ(1)A =


a 0 b

0 2 0

b 0 −2

§A���Ú�uA�,trA§A
���È�uA�1�ª|A|§¤±§

a+ 2 + (−2) = 1,−4a− 2b2 = −12§

=§a = 1, b = 2 (b > 0).

(2)A�A�õ�ª

|λI −A| =

∣∣∣∣∣∣∣∣∣
λ− 1 0 −2

0 λ− 2 0

−2 0 λ+ 2

∣∣∣∣∣∣∣∣∣ = (λ− 2)2(λ+ 3).

¤±§Ak�­A��λ1 = 2§�­A��λ2 = −3.
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ò�­A��λ1 = 2�\àg�5�§|(λI −A)X = 0

�

 x1 −2x3 = 0

−2x1 +4x3 = 0
§ÙÓ)ux1 − 2x3 = 0§

kÄ:)Xη1 =


2

0

1

 , η2 =


0

1

0

 .

=§Ý
AáuA��λ1 = 2�5Ã'�A��þ�η1, η2.

òÙ��ü z��ξ1 =


2√
6

0

1√
6

 , ξ2 =


0

1

0

 .
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òA��λ2 = −3�\àg�5�§|(λI −A)X = 0�
−4x1 −2x3 = 0

−5x2 = 0

−2x1 −x3 = 0

§kÄ:)Xη3 =


1

0

−2

§
=§Ý
AáuA��λ2 = −3�5Ã'�A��þ�η3.

òÙü z�ξ3 =


1√
6

0

− 2√
6

 .

�P =


2√
6

0 1√
6

0 1 0

1√
6

0 − 2√
6

§KP´����Ý
§
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�P TAP =


2 0 0

0 2 0

0 0 −3

.

=��C�


x1 = 2√

6
y1 + 1√

6
y3

x2 = y2

x3 = 1√
6
y1 − 2√

6
y3

z��g.f(x1, x2, x3) = 2y21 + 2y22 − 3y23�IO/§

ÙéA���Ý
�P .
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��þ|I : α1 =


1

0

2

 , α2 =


1

1

3

 , α3 =


1

−1

a+ 2

 Ú

�þ|II : β1 =


1

2

a+ 3

 , β2 =


2

1

a+ 6

 , β3 =


2

1

a+ 4

.

Á¯a�Û��§�þ|I��þ|II�d¶a�Û��§�þ|I�

�þ|IIØ�d.
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)µ±α1, α2, α3���1�ª

∣∣∣∣∣∣∣∣∣
1 1 1

0 1 −1

2 3 a+ 2

∣∣∣∣∣∣∣∣∣ = a+ 1,

±β1, β2, β3���1�ª

∣∣∣∣∣∣∣∣∣
1 2 2

2 1 1

a+ 3 a+ 6 a+ 4

∣∣∣∣∣∣∣∣∣ = 6§

¤±§β1, β2, β3���3.

=§β1, β2, β3´3�ê|�m���Ä§α1, α2, α3�±

dβ1, β2, β3�5LÑ.
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�a 6= −1�§±α1, α2, α3���1�ª�"§α1, α2, α3�5

Ã'§´3�ê|�m���Ä§

β1, β2, β3�±dα1, α2, α3�5LÑ. =I�II�d.

�a = −1�§±α1, α2, α3���1�ª=0§α1, α2, α3�5�

'§α1, α2, α3��r(α1, α2, α3) = 2 < 3,§ØUdβ1, β2, β3�5L

Ñ§ù�I�IIØ�d.

22

�Ý
A =


2 1 1

1 2 1

1 1 a

 �_§�þα =


1

b

1

 ´Ý
A∗��
�A��þ§λ�αéA�A��§Ù¥A∗�A���Ý
.

¦a, bÚλ��.
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�a = −1�§±α1, α2, α3���1�ª=0§α1, α2, α3�5�

'§α1, α2, α3��r(α1, α2, α3) = 2 < 3,§ØUdβ1, β2, β3�5L
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�Ý
A =


2 1 1

1 2 1

1 1 a

 �_§�þα =


1

b

1

 ´Ý
A∗��
�A��þ§λ�αéA�A��§Ù¥A∗�A���Ý
.
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)µÏ�A�_§¤±A�1�ª|A| = 3a− 2 6= 0§�A∗E

��_Ý
.

qÏ�α´Ý
A∗áuA��λ�A��þ§¤±§λ 6= 0

�§A∗α = λα, AA∗α = A(λα) = λAα, Aα = |A|
λ
α,

=§α´Ý
AáuA�� |A|
λ
�A��þ. l
§

2 1 1

1 2 1

1 1 a




1

b

1

 = |A|
λ


1

b

1

§


b+ 3 = |A|
λ

2b+ 2 = |A|
λ
b

1 + b+ a = |A|
λ

)�a = 2§b = 1½b = −2§λ = |A|
b+3
§|A| = 3a− 2 = 2

�b = 1�§λ = |A|
b+3

= 1,�b = −2�§λ = |A|
b+3

= 4.
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®�²¡þn^ØÓ����§©O´

l1 : ax+2by+3c = 0; l2 : bx+2cy+3a = 0; l3 : cx+2ay+3b = 0,

y²µùn^���u�:�¿�^�´a+ b+ c = 0.

y²µ(¿©5)

®�a+ b+ c = 0§�y²n^���u�:§��y²§

�5�§|


ax +2by = −3c

bx +2cy = −3a

cx +2ay = −3b

k���).
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®�²¡þn^ØÓ����§©O´

l1 : ax+2by+3c = 0; l2 : bx+2cy+3a = 0; l3 : cx+2ay+3b = 0,

y²µùn^���u�:�¿�^�´a+ b+ c = 0.

y²µ(¿©5)

®�a+ b+ c = 0§�y²n^���u�:§��y²§

�5�§|


ax +2by = −3c

bx +2cy = −3a

cx +2ay = −3b

k���).
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dua+ b+ c = 0§¤±�§|Ó)u

 ax +2by = −3c

bx +2cy = −3a

�§|�Xê1�ª�|A| =

∣∣∣∣∣∣ a 2b

b 2c

∣∣∣∣∣∣ = 2ac− 2b2.

da+ b+ c = 0�b2 = (a+ c)2 = a2 + 2ac+ c2§

2ac = b2 − a2 − c2§|A| = −(a2 + b2 + c2).

qÏ�l1´����§§¤±a, b, cØ��"§

|A| 6= 0§�§|k��). =§n^���u�:.

(7�5)

®�n^���u�:§�y²a+ b+ c = 0.
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Ï�n^���u�:§¤±§

�5�§|


ax +2by = −3c

bx +2cy = −3a

cx +2ay = −3b

k���).

ÙXêÝ
���uÙO2Ý
��= 2§

¤±§O2Ý
�1�ª∣∣∣∣∣∣∣∣∣
a 2b −3c

b 2c −3a

c 2a −3b

∣∣∣∣∣∣∣∣∣ = −3(a+b+c)[(a−b)2+(b−c)2+(a−b)2] = 0.

dul1, l2, l3�n^ØÓ��§¤±a, b, cØ�U��§

l
(a− b)2 + (b− c)2 + (a− b)2 6= 0§¤±a+ b+ c = 0.
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�Ý
A =


2 1 0

1 2 0

0 0 1

§Ý
B÷vABA∗ = 2BA∗ + I§Ù

¥A∗�A���Ý
§I´ü Ý
§KB�1�ª|B| = .

�Yµ 1
9
.

Ï�|A| = 3, A∗A = |A|I = 3I§¤±§

ABA∗A = 2BA∗A+A, 3AB = 6B +A§

|3A− 6I||B| = |A|,
¤±§|B| = 1

9
.
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�Ý
A =


2 1 0

1 2 0

0 0 1

§Ý
B÷vABA∗ = 2BA∗ + I§Ù

¥A∗�A���Ý
§I´ü Ý
§KB�1�ª|B| = .

�Yµ 1
9
.

Ï�|A| = 3, A∗A = |A|I = 3I§¤±§

ABA∗A = 2BA∗A+A, 3AB = 6B +A§

|3A− 6I||B| = |A|,
¤±§|B| = 1

9
.
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�A�3��
§òA�11��12����B§2rB�12�\

�13��C§K÷vAQ = C��_Ý
Q´µ .

A.


0 1 0

1 0 0

1 0 1

¶ B.


0 1 0

1 0 1

0 0 1

¶

C.


0 1 0

1 0 0

0 0 1

¶ D.


0 1 1

1 0 0

0 0 1

.

�Yµ D .
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dÐ�C��Ð�Ý
�m�'X§Q���11��12�§

,�ò12�\�13�éA�Ð�Ý
�È. =§

Q =


0 1 0

1 0 0

0 0 1




1 0 0

0 1 1

0 0 1

 =


0 1 1

1 0 0

0 0 1

.

26

�A,B´÷vAB = 0�?¿ü��"Ý
§K7k .

A.A���þ|�5�'§B�1�þ|�5�'¶

B.A���þ|�5�'§B���þ|�5�'¶

C.A�1�þ|�5�'§B�1�þ|�5�'¶

D.A�1�þ|�5�'§B���þ|�5�'.
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dÐ�C��Ð�Ý
�m�'X§Q���11��12�§

,�ò12�\�13�éA�Ð�Ý
�È. =§

Q =


0 1 0

1 0 0

0 0 1




1 0 0

0 1 1

0 0 1

 =


0 1 1

1 0 0

0 0 1

.

26

�A,B´÷vAB = 0�?¿ü��"Ý
§K7k .

A.A���þ|�5�'§B�1�þ|�5�'¶

B.A���þ|�5�'§B���þ|�5�'¶

C.A�1�þ|�5�'§B�1�þ|�5�'¶

D.A�1�þ|�5�'§B���þ|�5�'.

�²Æ� �5�ê{ca¬ïÄ)\Æ�ÁÁK(2000 2017)



00 01 02 03 04 05 06 07 08 09 10 11 12 13 14 15 16 17

04

�Yµ A .

Ï�AB�1�þ´B�1�þ��5|Ü§AB���þ

´A���þ��5|Ü.

dAB = 0�A,Bþ��"Ý
§K§�3�"Xê¦�B�

1�þ|Ü�"§��3�"Xê¦�A���þ|Ü�"§

¤±§À(A.).

�²Æ� �5�ê{ca¬ïÄ)\Æ�ÁÁK(2000 2017)



00 01 02 03 04 05 06 07 08 09 10 11 12 13 14 15 16 17

04

27

�àg�5�§|



(1 + a)x1 + x2 + · · ·+ xn = 0

2x1 + (2 + a)x2 + · · ·+ 2xn = 0
...

...

nx1 + nx2 + · · ·+ (n+ a)xn = 0

.

¯a�Û��§T�§|k�")§¿¦ÑÏ).

)µ�§�Xê1�ª�
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�àg�5�§|



(1 + a)x1 + x2 + · · ·+ xn = 0

2x1 + (2 + a)x2 + · · ·+ 2xn = 0
...

...

nx1 + nx2 + · · ·+ (n+ a)xn = 0

.

¯a�Û��§T�§|k�")§¿¦ÑÏ).

)µ�§�Xê1�ª�
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|A| =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(1 + a) 1 1 · · · 1 1

2 2 + a 2 · · · 2 2
...

...
...

...
...

n− 1 n− 1 n− 1 · · · n− 1 + a n− 1

n n n · · · n n+ a

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
òÙ����¦(−1)\���c¡��§�

|A| =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a 0 0 · · · 0 1

0 a 0 · · · 0 2
...

...
...

...
...

0 0 0 · · · a n− 1

−a −a −a · · · −a n+ a

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
2òÙ�1Ñ\����1§�
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|A| =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a 0 0 · · · 0 1

0 a 0 · · · 0 2
...

...
...

...
...

0 0 0 · · · a n− 1

0 0 0 · · · 0 n(n+1)

2
+ a

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= an−1[n(n+1)

2
+ a].

¤±�a = 0½a = −n(n+1)

2
�§|A| = 0§�§|k�").

a = 0�§�§|Ó)ux1 + x2 + · · ·+ xn = 0§
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Ä:)X�η1 =



−1

1

0
...

0


, η2 =



−1

0

1
...

0


, ..., ηn−1 =



−1

0
...

0

1


§

Ï)�{k1η1 + k2η2 + ...+ kn−1ηn−1|k1, k2, ..., kn−1´?¿ê}.

�a = −n(n+1)

2
�§é�§|�XêÝ
A¢�Ð�1C�§

ò1�1¦−k\�1k1§k = 2, 3, ..., n§�
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A→



(1 + a) 1 1 · · · 1 1

−2a a 0 · · · 0 0
...

...
...

...
...

−(n− 1)a 0 0 · · · a 0

−na 0 0 · · · 0 a


2ò1k1¦ 1

a
§k = 2, 3, ..., n,�

A→



(1 + a) 1 1 · · · 1 1

−2 1 0 · · · 0 0
...

...
...

...
...

−(n− 1) 0 0 · · · 1 0

−n 0 0 · · · 0 1


§
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�§|Ó)u

−2x1 + x2 = 0
...

−(n− 1)x1 + xn−1 = 0

−nx1 + xn = 0

§Ä:)X�


1

2
...

n



d�§�§|�Ï)�{k


1

2
...

n

|k�?¿ê}.
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�Ý
A =


1 2 −3

−1 4 −3

1 a 5

 �A��§k���­�§
¦a��§¿?ØA´Ä��qé�z.

)µÝ
A�A��§�

|λI−A| =

∣∣∣∣∣∣∣∣∣
λ− 1 −2 3

1 λ− 4 3

−1 −a λ− 5

∣∣∣∣∣∣∣∣∣ = (λ−2)(λ2−8λ+18+3a)

¤±§

a = −2�§Ak�­A��λ1 = 2,�­A��λ2 = 6¶
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�Ý
A =


1 2 −3

−1 4 −3

1 a 5

 �A��§k���­�§
¦a��§¿?ØA´Ä��qé�z.

)µÝ
A�A��§�

|λI−A| =

∣∣∣∣∣∣∣∣∣
λ− 1 −2 3

1 λ− 4 3

−1 −a λ− 5

∣∣∣∣∣∣∣∣∣ = (λ−2)(λ2−8λ+18+3a)

¤±§

a = −2�§Ak�­A��λ1 = 2,�­A��λ2 = 6¶
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a = − 2
3
�§Ak�­A��λ1 = 4§�­A��λ2 = 2.

a = −2�§ò�­A��λ1 = 2�\àg�5�§|

(λI −A)X = 0�


x1 −2x2 +3x3 = 0

x1 −2x2 +3x3 = 0

−x1 +2x2 −3x3 = 0

kü��5Ã'�)§A��qé�z.

a = − 2
3
�§ò�­A��λ1 = 4�\àg�5�§|

(λI −A)X = 0�


3x1 −2x2 +3x3 = 0

x1 +3x3 = 0

−x1 + 2
3
x2 −x3 = 0

�k���5Ã'�)§AØ��qé�z.
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�α1, α2, α3þ�3���þ§PÝ
A = (α1, α2, α3)§

B = (α1 + α2 + α3, α1 + 2α2 + 4α3, α1 + 3α2 + 9α3)§

eÝ
A�1�ª|A| = 1§K|B| = .

�Yµ 2 .

Ï�B = A


1 1 1

1 2 3

1 4 9

§|B| = |A|
∣∣∣∣∣∣∣∣∣

1 1 1

1 2 3

1 4 9

∣∣∣∣∣∣∣∣∣ = 2.
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eÝ
A�1�ª|A| = 1§K|B| = .

�Yµ 2 .

Ï�B = A


1 1 1

1 2 3

1 4 9
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1 1 1
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1 4 9
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30

�λ1, λ2þ´Ý
A�ü�ØÓA��§éA�A��þ©O´

α1, α2§K§α1, A(α1 + α2)�5Ã'�¿©7�^�´µ .

A.λ1 6= 0¶ B.λ2 6= 0¶ C.λ1 = 0¶ D.λ2 = 0.

�Yµ B .

Ï�?Û�
áuØÓA���A��þ�5Ã'.¤±

x1α1 + x2α2 = 0⇔ x1 = x2 = 0.


y1α1 + y2A(α1 + α2) = (y1 + y2λ1)α1 + y2λ2α2,

¤±§α1, A(α1 + α2)�5Ã'��=�

/d(y1 + y2λ1)α1 + y2λ2α2 = 0�±��y1 = y2 = 0.0
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30

�λ1, λ2þ´Ý
A�ü�ØÓA��§éA�A��þ©O´

α1, α2§K§α1, A(α1 + α2)�5Ã'�¿©7�^�´µ .

A.λ1 6= 0¶ B.λ2 6= 0¶ C.λ1 = 0¶ D.λ2 = 0.

�Yµ B .

Ï�?Û�
áuØÓA���A��þ�5Ã'.¤±

x1α1 + x2α2 = 0⇔ x1 = x2 = 0.


y1α1 + y2A(α1 + α2) = (y1 + y2λ1)α1 + y2λ2α2,

¤±§α1, A(α1 + α2)�5Ã'��=�

/d(y1 + y2λ1)α1 + y2λ2α2 = 0�±��y1 = y2 = 0.0
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qÏ�

(y1 + y2λ1)α1 + y2λ2α2 = 0⇔ y1 + y2λ1 = y2λ2 = 0§

¤±À(B.).

31

�A´n (n > 1)��_Ý
§��A�111�121�Ý


B§A∗, B∗©O´A,B���Ý
§K .

A.��A∗�11��12��B∗¶

B.��A∗�111�121�B∗¶

C.��A∗�11��12��−B∗¶
D.��A∗�111�121�−B∗.
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qÏ�

(y1 + y2λ1)α1 + y2λ2α2 = 0⇔ y1 + y2λ1 = y2λ2 = 0§

¤±À(B.).

31

�A´n (n > 1)��_Ý
§��A�111�121�Ý


B§A∗, B∗©O´A,B���Ý
§K .

A.��A∗�11��12��B∗¶

B.��A∗�111�121�B∗¶

C.��A∗�11��12��−B∗¶
D.��A∗�111�121�−B∗.
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�Yµ C .

�P´��111�121éA�Ð�Ý
§KP−1 = P§

�B = PA. 
§

|B| = |A||P | = −|A|§B−1 = A−1P−1§

|B|−1B∗ = |A|−1A∗P−1§−B∗ = A∗P§

P3mý§��A∗��.

32

®��g.

f(x1, x2, x3) = (1−a)x2
1 + (1−a)x2

2 + 2x2
3 + 2(1 +a)x1x2���2.

(1)¦a��¶(2)¦��C�X = QY§rf(x1, x2, x3)z�IO

/¶(3)¦�§f(x1, x2, x3) = 0�).
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�Yµ C .

�P´��111�121éA�Ð�Ý
§KP−1 = P§

�B = PA. 
§

|B| = |A||P | = −|A|§B−1 = A−1P−1§

|B|−1B∗ = |A|−1A∗P−1§−B∗ = A∗P§

P3mý§��A∗��.

32

®��g.

f(x1, x2, x3) = (1−a)x2
1 + (1−a)x2

2 + 2x2
3 + 2(1 +a)x1x2���2.

(1)¦a��¶(2)¦��C�X = QY§rf(x1, x2, x3)z�IO

/¶(3)¦�§f(x1, x2, x3) = 0�).
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)µ(1)�g.f(x1, x2, x3)�Ý
�

A =


1− a 1 + a 0

1 + a 1− a 0

0 0 2

§�A��r(A) = 2.

¤±§A�1�ª|A| = 0§=§∣∣∣∣∣∣ 1− a 1 + a

1 + a 1− a

∣∣∣∣∣∣ = −4a = 0§a = 0.

¤±§a = 0�§�g.���2.

(2)�a = 0�§Akü�ØÓ�A��λ1 = 0, λ2 = 2.
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òλ1 = 0�\àg�5�§|(λI −A)X = 0§

�AáuA��λ1 = 0�A��þα1 =


1

−1

0

¶
òλ2 = 2�\àg�5�§|(λI −A)X = 0§�Aáu

A��λ1 = 2����A��þα2 =


1

1

0

 ;α3 =


0

0

1

.

ü z�


1√
2

− 1√
2

0

 ,


1√
2

1√
2

0

 ,


0

0

1

.
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�Q =


1√
2

1√
2

0

− 1√
2

1√
2

0

0 0 1

§KQ´��Ý
§
�X = QYz�g.f(x1, x2, x3) = 2y22 + 2y23.

(3)Ï�f(x1, x2, x3) = 0⇔ 2y22 + 2y23 = 0⇔ y2 = y3 = 0,

¤±§f(x1, x2, x3) = 0�)�
x1

x2

x3

 =


1√
2

1√
2

0

− 1√
2

1√
2

0

0 0 1



y1

0

0

 =


1√
2
y1

− 1√
2
y1

0

§
Ù¥y1´?¿�.
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®�3�Ý
A�1�1´(a b c), a, b, cØ��0§Ý


B =


1 2 3

2 4 6

3 6 k

§Ù¥k´~ê,�AB = 0.

¦�5�§|AX = 0�Ï).

)µÏ�AB = 0,¤±Ý
B���þ´Ùg�5�§

|AX = 0�)§�÷vr(A) + r(B) ≤ 3.


r(A) ≥ 1§¤±§r(B) ≤ 2.

qÏ�k 6= 9�§r(B) = 2§k = 9�§r(B) = 1§
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®�3�Ý
A�1�1´(a b c), a, b, cØ��0§Ý


B =


1 2 3

2 4 6

3 6 k

§Ù¥k´~ê,�AB = 0.

¦�5�§|AX = 0�Ï).

)µÏ�AB = 0,¤±Ý
B���þ´Ùg�5�§

|AX = 0�)§�÷vr(A) + r(B) ≤ 3.


r(A) ≥ 1§¤±§r(B) ≤ 2.

qÏ�k 6= 9�§r(B) = 2§k = 9�§r(B) = 1§
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¤±§�k 6= 9�§r(A) = 1§

AX = 0kÄ:)X


1

2

3

 ,


3

6

k

§

Ï)´{l


1

2

3

+m


3

6

k

 |l,m�?¿ê}.
�k = 9�§r(B) = 1§Kr(A) = 1½r(A) = 2.

er(A) = 1§�§|AX = 0Ó)uax1 + bx2 + cx3 = 0.
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
1

2

3

 ´Ù��). a+ 2b+ 3c = 0.

qÏ�a, b, cØ��0§Ø��a 6= 0§l

b

−a

0

´AX = 0�,��)§��


1

2

3

 �5Ã'§

=§


1

2

3

 ,


b

−a

0

 ´AX = 0�Ä:)X§
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AX = 0�Ï)´{l


1

2

3

+m


b

−a

0

 |l,m�?¿ê}.

er(A) = 2§K


1

2

3

 ´AX = 0�Ä:)X§

Ï)�{l


1

2

3

 |l�?¿ê}.
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34

(½~êa§¦��þ|α1 =


1

1

a

 , α2 =


1

a

1

 , α3 =


a

1

1



�±d�þ|β1 =


1

1

a

 , β2 =


−2

a

4

 , β3 =


−2

a

a

 �5L
Ñ§��þ|β1, β2, β3ØUdα1, α2, α3�5LÑ.
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)µ±α1, α2, α3, β1, β2, β3 ��§��3× 6Ý
§

A =


1 1 a 1 −2 −2

1 a 1 1 a a

a 1 1 a 4 a

§Ð�1C�§z��F/§

A→


1 1 a 1 −2 −2

0 a− 1 1− a 0 a+ 2 a+ 2

0 0 2− a− a2 0 6 + 3a 2 + 4a

§
ea 6= 1�a 6= −2§Kα1, α2, α3¤3��ÑkÌ�§�5Ã

'§β1, β2, β3�±d α1, α2, α3�5LÑ§ØÎÜ�¦"

¤±§��?Øa = 1½öa = −2��¹"
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a = 1�§�F/Ý
�A→


1 1 1 1 −2 −2

0 0 0 0 3 3

0 0 0 0 9 6

§
÷vµα1, α2, α3�±dβ1, β2, β3�5LÑ§�β1, β2, β3ØU

dα1, α2, α3�5LÑ.

a = −2�§A→


1 1 −2 1 −2 −2

0 −3 3 0 0 0

0 0 0 0 0 −6

§
÷vµα1, α2, α3ØUdβ1, β2, β3�5LÑ§�β1, β2, β3ØU

dα1, α2, α3�5LÑ.

a = −2ØÎÜ�¦. ¤±§a = 1.
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35

�Ý
A =

 2 1

−1 2

§I´2�ü Ý
§

Ý
B÷vBA = B + I§KB�1�ª�|B| = .

�Yµ 2 .

Ï�B÷vBA = B + I§¤±§|B||(A− I)| = |2I|§

|A− I| = 2, |2I| = 4§¤±§|B| = 2.
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35

�Ý
A =

 2 1

−1 2

§I´2�ü Ý
§

Ý
B÷vBA = B + I§KB�1�ª�|B| = .

�Yµ 2 .

Ï�B÷vBA = B + I§¤±§|B||(A− I)| = |2I|§

|A− I| = 2, |2I| = 4§¤±§|B| = 2.
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36

�α1, ..., αrþ�n���þ§A´m× nÝ
§Ke�À��(�

´µ .

A.α1, ..., αr�5�'§KAα1, ..., Aαr�5�'¶

B.α1, ..., αr�5�'§KAα1, ..., Aαr�5Ã'¶

C.α1, ..., αr�5Ã'§KAα1, ..., Aαr�5�'¶

D.α1, ..., αr�5Ã'§KAα1, ..., Aαr�5Ã'.

�Yµ A .

Ï�dx1α1 + ...xrαr = 0§�±��

x1Aα1 + ...xrAαr = A(x1α1 + ...xrαr) = 0.

¤±§ÀA.
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36

�α1, ..., αrþ�n���þ§A´m× nÝ
§Ke�À��(�

´µ .

A.α1, ..., αr�5�'§KAα1, ..., Aαr�5�'¶

B.α1, ..., αr�5�'§KAα1, ..., Aαr�5Ã'¶

C.α1, ..., αr�5Ã'§KAα1, ..., Aαr�5�'¶

D.α1, ..., αr�5Ã'§KAα1, ..., Aαr�5Ã'.

�Yµ A .

Ï�dx1α1 + ...xrαr = 0§�±��

x1Aα1 + ...xrAαr = A(x1α1 + ...xrαr) = 0.

¤±§ÀA.
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37

�A´3�Ý
§òA�121\�111�B§òB�11��−1�

\�12��C§PP =


1 1 0

0 1 0

0 0 1

§K .

A.C = P−1AP¶B.C = PAP−1¶C.C = P TAP¶D.C = PAP T .

�Yµ B .

Ï�P´121\�111éA�Ð�Ý
§P−1´11�

�−1�\�12�éA�Ð�Ý
§
éÝ
¢�Ð�1C�Ò�

�u3Ý
��ý¦þ�A�Ð�Ý
§éÝ
¢�Ð��C�Ò

��u3Ý
�mý¦þ�A�Ð�Ý
.
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37

�A´3�Ý
§òA�121\�111�B§òB�11��−1�

\�12��C§PP =


1 1 0

0 1 0

0 0 1

§K .

A.C = P−1AP¶B.C = PAP−1¶C.C = P TAP¶D.C = PAP T .

�Yµ B .

Ï�P´121\�111éA�Ð�Ý
§P−1´11�

�−1�\�12�éA�Ð�Ý
§
éÝ
¢�Ð�1C�Ò�

�u3Ý
��ý¦þ�A�Ð�Ý
§éÝ
¢�Ð��C�Ò

��u3Ý
�mý¦þ�A�Ð�Ý
.
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38

®��àg�5�§|


x1 + x2 + x3 + x4 = −1

4x1 + 3x2 + 5x3 − x4 = −1

ax1 + x2 + 3x3 − bx4 = 1

k3��

5Ã'�).

(1)y²�§|�XêÝ
A��r(A) = 2;

(2)¦a, b��±9�§|�Ï).

)µ(1)Ï��5�§|k3��5Ã'�)§

P�X1, X2, X3.KX1 −X2, X1 −X3´Ù�Ñàg�5�§|

�2��5Ã'�).

¤±§�Ñàg�5�§|�Ä:)X¤¹)��ê≥ 2§
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38

®��àg�5�§|


x1 + x2 + x3 + x4 = −1

4x1 + 3x2 + 5x3 − x4 = −1

ax1 + x2 + 3x3 − bx4 = 1

k3��

5Ã'�).

(1)y²�§|�XêÝ
A��r(A) = 2;

(2)¦a, b��±9�§|�Ï).

)µ(1)Ï��5�§|k3��5Ã'�)§

P�X1, X2, X3.KX1 −X2, X1 −X3´Ù�Ñàg�5�§|

�2��5Ã'�).

¤±§�Ñàg�5�§|�Ä:)X¤¹)��ê≥ 2§
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=§4− r(A) ≥ 2§r(A) ≤ 2.

q§Ak2�fª

∣∣∣∣∣∣ 1 1

4 3

∣∣∣∣∣∣ 6= 0§¤±§r(A) ≥ 2"

¤±§r(A) = 2.

(2)ò�§|�O2Ý
¢�Ð�1C�

A =


1 1 1 1 −1

4 3 5 −1 −1

a 1 3 −b 1



→


1 0 2 −4 2

0 1 −1 5 −3

0 0 4− 2a 4a− b− 5 4− 2a

§
�²Æ� �5�ê{ca¬ïÄ)\Æ�ÁÁK(2000 2017)
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¤±§r(A) = 2⇔ a = 2, b = 3§

�§|Ó)u

 x1 + 2x3 − 4x4 = 2

x2 − x3 + 5x4 = −3

kA)µ


2

−3

0

0

¶�Ñ|�Ä:)X´

−2

1

1

0

 ,


4

−5

0

1

.

Ï)�µ




2

−3

0

0

+ k


−2

1

1

0

+ l


4

−5

0

1

 |∀k, l

.
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�3�¢é¡Ý
A��1��Úþ�3§�þ

α1 =


−1

2

−1

 , α2 =


0

−1

1

 ´�5�§|AX = 0�ü�).

(1)¦A�A��ÚA��þ¶

(2)¦��Ý
QÚé�Ý
B§¦�QTAQ = B.

)µ(1)Ï�α1, α2´�5�§|AX = 0�)§

¤±§Aα1 = 0 = 0α1, Aα2 = 0 = 0α2§

=§0´Ý
A���A��§�α1, α2´Ý
AáuA�

�0�ü��5Ã'�A��þ.
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qÏ�Az�1����Úþ�3§¤±§

A


1

1

1

 = 3


1

1

1

§=§3´A���A��§

�§α3 =


1

1

1

 ´AáuA��3�A��þ.

(2)òα1, α2��z§�AáuA��0�ü����A��þ
−1

2

−1

 ,


− 1

2

0

1
2

§ü z�

− 1√

6

2√
6

− 1√
6

 ,


− 1√

2

0

1√
2
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òα3ü z�


1√
3

1√
3

1√
3

.

����Ý
Q =


− 1√

6
− 1√

2
1√
3

2√
6

0 1√
3

− 1√
6

1√
2
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3

§

KQTAQ =


0 0 0

0 0 0

0 0 3

 = B.
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A =


0 1 0 0

0 0 1 0

0 0 0 1

0 0 0 0

 , KA3���r(A3) = .

�Yµ 1 .

O��µA3 =


0 0 0 1

0 0 0 0

0 0 0 0

0 0 0 0
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��þ|α1, α2, α3�5Ã'§Ke��þ|�5�'�´µ .

A.α1 − α2, α2 − α3, α3 − α1¶ B.α1 + α2, α2 + α3, α3 + α1¶

C.α1 − 2α2, α2 − 2α3, α3 − 2α1¶D.α1 + 2α2, α2 + 2α3, α3 + 2α1.

�Yµ A .

Ï�§(α1 − α2) + (α2 − α3) + (α3 − α1) = 0.

¤±§ÀA.
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�A =


2 −1 −1

−1 2 −1

−1 −1 2

 , B =


1 0 0

0 1 0

0 0 0

§KA�B .

A.ÜÓ��q¶ B.ÜÓ�Ø�q¶

C.ØÜÓ��q¶ D.ØÜÓ�Ø�q.

�Yµ B .

Ï�A�2�^SÌf


 2 −1

−1 2

´�½�§�|A| = 0§

¤±§A´��2���½Ý
§A�BÜÓ.

qÏ�§A�A�õ�ª|λI −A| = λ(λ− 3)2§

¤±§A�B�A��Ø�Ó§A�BØ�q.
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��5�§|


x1 + x2 + x3 = 0

x1 + 2x2 + ax3 = 0

x1 + 4x2 + a2x3 = 0

��§|

x1 + 2x2 + x3 = a− 1 kú�)§¦a��9¤k�ú�).

)µÏ�ü��5�§|kú�)

⇔



x1 + x2 + x3 = 0

x1 + 2x2 + ax3 = 0

x1 + 4x2 + a2x3 = 0

x1 + 2x2 + x3 = a− 1

k)§�Ù)=�ú�).

qÏ�ÙO2Ý
²LÐ�1C�z��F
��
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
1 1 1 0

1 2 a 0

1 4 a2 0

1 2 1 a− 1

→


1 1 1 0

0 1 a− 1 0

0 0 1− a a− 1

0 0 0 (a− 1)(a− 2)

 ,

¤±§�kú�)��=�a = 1½a = 2.

�a = 1�§§��ú�)�



k

0

−k

 |∀k
.
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a = 2�§§��ú�)�


0

1

−1

.

44

�3�é¡Ý
A�A��λ1 = 1, λ2 = 2, λ3 = −2.

α1 =


1

−1

1

 ´Aáuλ1���A��þ.

PB = A5 − 4A3 + I§Ù¥I�3�ü 
.

(1) �yα1´Ý
B�A��þ§¿¦B��ÜA���A��

þ¶(2)¦Ý
B.
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a = 2�§§��ú�)�


0

1

−1

.
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�3�é¡Ý
A�A��λ1 = 1, λ2 = 2, λ3 = −2.

α1 =


1

−1

1

 ´Aáuλ1���A��þ.

PB = A5 − 4A3 + I§Ù¥I�3�ü 
.

(1) �yα1´Ý
B�A��þ§¿¦B��ÜA���A��

þ¶(2)¦Ý
B.
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)µ(1) Ï�α1´Ý
AáuA��1�A��þ§

¤±§Aα1 = α1, A
5α1 = α1, A

3α1 = α1.

¤±§Bα1 = (A5 − 4A3 + I)α1 = −2α1§

=§α1´Ý
BáuA��−2�A��þ.

�α2, α3�Ý
A©OáuA��λ2, λ3�A��þ.

K§Aα2 = 2α2, Aα3 = −2α3§A
5α2 = 32α2§

A3α2 = 8α3§A
5α3 = −32α2§A

3α3 = −8α3. ¤±§

Bα2 = (A5−4A3+I)α2 = α2, Bα3 = (A5−4A3+I)α3 = α3.

=k1α2 + k2α3 6= 0´Ý
BáuA��1�A��þ.

duA´é¡Ý
§¤±B�´é¡Ý
.

é¡Ý
áuØÓA���A��þ´���.
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�β =


x1

x2

x3

�BáuA��1�A��þ§

K§x1 − x2 + x3 = 0§¤±§
1

1

0

§


1

0

−1

´BáuA��1��5Ã'�A��þ.

¤±§BáuA��−2��ÜA��þ� k


1

−1

1

 |k 6= 0

.
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áuA��1��ÜA��þ�

k1 + k2

k1

−k2

 |k1, k2Ø��"
.

(2)PP =


1 1 1

−1 1 0

1 0 −1

§

K§P−1BP =


−2 0 0

0 1 0

0 0 1

§
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¦�P−1 =


1
3
− 1

3
1
3

1
3

2
3

1
3

1
3
− 1

3
− 2

3

§

¤±§B =


0 1 −1

1 0 1

−1 1 0

.
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�A�2�Ý
.α1, α2��5Ã'�2��þ§

Aα1 = 0, Aα2 = 2α1 + α2, KA��"A��� .

�Yµ 1 .

Ï�α1, α2��5Ã'�2��þ§¤±2α1 + α2 6= 0.

q§Aα1 = 0§A(2α1 + α2) = 2Aα1 +Aα2 = 2α1 + α2§

¤±§α1´Ý
AáuA��0�A��þ§

2α1 + α2´Ý
AáuA��1�A��þ.

2§A´2�Ý
§¤±§A�kü�A��§

l
§A��"A���1.
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3�Ý
A�A���λ, 2, 3§Ù¥λ 6= 2, 3,�A�1�ª|A| = 24,

Kλ = .

�Yµ 4 .

Ï��
�1�ª�uA���È§

=§|A| = λ× 2× 3 = 24. ¤±§λ = 4.

47

�3�Ý
A�A��pØ�Ó.eA�1�ª|A| = 0§

KA��r(A) = .

�Yµ 2 .

Ï�A�A��pØ�Ó§¤±A�qué�
.
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qÏ��qÝ
k�Ó��Ú1�ª§�é�
�1�ª�u

é���¦È§

¤±§Ak��"A��Ú2��"A��§l
A�

�r(A) = 2.

48

�A´n��
§I´n�ü Ý
.eA3 = 0,K .

A.I −AØ�_§I +AØ�_¶B.I −AØ�_§I +A�_¶

C.I −A�_§I +A�_¶ D.I −A�_§I +AØ�_.

�Yµ C .

(I −A)(I +A+A2) = I −A3 = I§

(I +A)(I −A+A2) = I +A3 = I.
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(I −A)(I +A+A2) = I −A3 = I§

(I +A)(I −A+A2) = I +A3 = I.
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qÏ��qÝ
k�Ó��Ú1�ª§�é�
�1�ª�u

é���¦È§

¤±§Ak��"A��Ú2��"A��§l
A�

�r(A) = 2.

48

�A´n��
§I´n�ü Ý
.eA3 = 0,K .

A.I −AØ�_§I +AØ�_¶B.I −AØ�_§I +A�_¶

C.I −A�_§I +A�_¶ D.I −A�_§I +AØ�_.

�Yµ C .

(I −A)(I +A+A2) = I −A3 = I§

(I +A)(I −A+A2) = I +A3 = I.
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49

�A =

 1 2

2 1

§3¢ê�þ�AÜÓ�Ý
´ .

A.

 −2 1

1 −2

¶ B.

 2 −1

−1 2

¶
C.

 2 1

1 2

¶ D.

 1 −2

−2 1

.

�Yµ D .

Ï�¢é¡Ý


1 2

2 1

�ÜÓIO.´
1 0

0 −1

¶
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49

�A =

 1 2

2 1

§3¢ê�þ�AÜÓ�Ý
´ .

A.

 −2 1

1 −2

¶ B.

 2 −1

−1 2

¶
C.

 2 1

1 2

¶ D.

 1 −2

−2 1

.

�Yµ D .

Ï�¢é¡Ý


1 2

2 1

�ÜÓIO.´
1 0

0 −1

¶
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−2 1

1 −2

�ÜÓIO.´
−1 0

0 −1

¶ 2 −1

−1 2

�ÜÓIO.´
1 0

0 1

¶2 1

1 2

�ÜÓIO.´
1 0

0 1

¶ 1 −2

−2 1

�ÜÓIO.´
1 0

0 −1

 .
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50

�Ý
A =



2a 1 0 · · · 0 0

a2 2a 1 · · · 0 0

0 a2 2a · · · 0 0
...

...
...

...
...

0 0 0 · · · 2a 1

0 0 0 · · · a2 2a


n×n

§

�§|AX = B§Ù¥X =


x1

...

xn

§B =


1

0
...

0

.
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50(Y)

(1)y²|A| = (n+ 1)an¶

(2)a�Û��§�§|k��)§¿¦��)X¶

(3)a�Û��§�§|kÃ¡õ)§¦Ï).

�²Æ� �5�ê{ca¬ïÄ)\Æ�ÁÁK(2000 2017)



00 01 02 03 04 05 06 07 08 09 10 11 12 13 14 15 16 17

08

)µ(1)8B{.Pn�Ý
A�1�ª�Dn = |A|. n = 1�§

(Øw,¤á.

b�é�êk ≤ n�Ý
A§ÑkDk = (k + 1)ak.

K§én+ 1�Ý
A�1�ªDn+1§U����Ðm§�4

í'Xª

Dn+1 = 2aDn − a2Dn−1 =

2a[(n+ 1)an]− a2[(n− 1 + 1)an−1] = (n+ 2)an+1.

=§én+ 1�Ý
A§(ØE,¤á.

d8B{�n§(Øé¤k�Ý
Aþ¤á.

(2)�a 6= 0�§|A| 6= 0§�§|k��).

�²Æ� �5�ê{ca¬ïÄ)\Æ�ÁÁK(2000 2017)



00 01 02 03 04 05 06 07 08 09 10 11 12 13 14 15 16 17

08

P|Ak|�|A|�1k�^BO�¤���1�ª§=

|Ak| =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

2a 1 0 · · · 0 1 0 · · · 0 0

a2 2a 1 · · · 0 0 0 · · · 0 0

0 a2 2a · · · 0 0 0 · · · 0 0
...

...
...

...
...

...
...

...

0 0 0 · · · 2a 0 0 · · · 0 0

0 0 0 · · · a2 0 1 · · · 0 0

0 0 0 · · · 0 0 2a · · · 0 0
...

...
...

...
...

...
...

...

0 0 0 · · · 0 0 0 · · · 2a 1

0 0 0 · · · 0 0 0 · · · a2 2a

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
n×n

.
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= (−1)k+1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a2 2a 1 · · · 0 0 · · · 0 0

0 a2 2a · · · 0 0 · · · 0 0
...

...
...

...
...

...
...

0 0 0 · · · 2a 0 · · · 0 0

0 0 0 · · · a2 1 · · · 0 0

0 0 0 · · · 0 2a · · · 0 0
...

...
...

...
...

...
...

0 0 0 · · · 0 0 · · · 2a 1

0 0 0 · · · 0 0 · · · a2 2a

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(n−1)×(n−1)
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= (−1)k+1(a2)k−1Dn−k = (−1)k+1(a2)k−1(n− k + 1)an−k§

k = 1, 2, ..., n.

d�40{K§���§|�)�

xk = |Ak|
|A| = (−1)k+1(n−k+1)ak−2

n+1
, k = 1, 2, ..., n.

(3)�a = 0�§�§|XêÝ
A���un− 1�uO2Ý


��§�§|kÃ¡õ|).

�Ñ|Ä:)Xξ0 =


1

0
...

0

§A)X0 =



0

1

0
...

0


§
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�§|�Ï)�{X0 + kξ0|∀k} =





k

1

0
...

0


|∀k


.

51

�A�3�Ý
§α1, α2�A�©OáuA��−1, 1�A��þ§�

þα3÷vAα3 = α2 + α3.

(1) y²α1, α2, α3�5Ã'¶

(2)PP = (α1 α2 α3)´±α1, α2, α3���þ�Ý
§¦P
−1AP .
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�§|�Ï)�{X0 + kξ0|∀k} =





k

1

0
...

0


|∀k


.

51

�A�3�Ý
§α1, α2�A�©OáuA��−1, 1�A��þ§�

þα3÷vAα3 = α2 + α3.

(1) y²α1, α2, α3�5Ã'¶

(2)PP = (α1 α2 α3)´±α1, α2, α3���þ�Ý
§¦P
−1AP .
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)µ(1)Ï�α1, α2�A�©OáuA��−1, 1�A��þ§

¤±§Aα1 = −α1, Aα2 = α2.

�Äα1, α2, α3�|Ük1α1 + k2α2 + k3α3 = 0§K

A(k1α1 + k2α2 + k3α3) = k1Aα1 + k2Aα2 + k3Aα3 =

−k1α1 + k2α2 + k3(α2 + α3) = −k1α1 + (k2 + k3)α2 + k3α3 = 0,

¤±§2k1α1 − k3α2 = 0.

qÏ�§α1, α2�A�©OáuA��−1, 1�A��þ§

¤±§α1, α2�5Ã'§l
§2k1 = −k3 = 0§

¤±§k2α2 = 0§
A��þ�"§=§α2 6= 0§k2 = 0§

dk1α1 + k2α2 + k3α3 = 0�±��k1 = k2 = k3 = 0§

¤±§α1, α2, α3�5Ã'.
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(2) Ï�

AP = A(α1 α2 α3) = (α1 α2 α3)


−1 0 0

0 1 1

0 0 1

 ,

¤±§

P−1AP =


−1 0 0

0 1 1

0 0 1

 .
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52

�A = ααT + ββT , α, β�n���þ§αT��þα�=�§βT�

�þβ�=�.

y²µ(1)r(A) ≤ 2¶(2)eα, β�5�'§Kr(A) < 2.

y²µ(1)Ï�α, β´n���þ§¤±§n��
(ααT )��

Ñ´α ���ê�êÈ§r(ααT ) ≤ 1§Ó�§r(ββT ) ≤ 1.

qÏ�ü�Ý
Ú��Ø�u§���Ú§¤±§

r(A) = r(ααT + ββT ) ≤ r(ααT ) + r(ββT ) ≤ 2.

(2)eα, β�5�'§KÙ¥���þ�±d,���5L

Ñ.Ø��β = kα§KββT = (kα)(kα)T = k2(ααT )§

¤±§A = (1 + k2)(ααT ), r(A) ≤ 1 < 2.
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52

�A = ααT + ββT , α, β�n���þ§αT��þα�=�§βT�

�þβ�=�.

y²µ(1)r(A) ≤ 2¶(2)eα, β�5�'§Kr(A) < 2.

y²µ(1)Ï�α, β´n���þ§¤±§n��
(ααT )��

Ñ´α ���ê�êÈ§r(ααT ) ≤ 1§Ó�§r(ββT ) ≤ 1.

qÏ�ü�Ý
Ú��Ø�u§���Ú§¤±§

r(A) = r(ααT + ββT ) ≤ r(ααT ) + r(ββT ) ≤ 2.

(2)eα, β�5�'§KÙ¥���þ�±d,���5L

Ñ.Ø��β = kα§KββT = (kα)(kα)T = k2(ααT )§

¤±§A = (1 + k2)(ααT ), r(A) ≤ 1 < 2.
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53

e3��þα, β÷vαTβ = 2§Ù¥αT�α�=�.KÝ
βαT��

"A��� .

�Yµ 2 .

Ï�§Ý
βαT���1§¤±§βαT�k���"A��.

qÏ�§Ý
A�A���Ú�uÙÌé���Ú§


βαT�Ìé���Ú�uαTβ = 2§

¤±§βαT��"A���2.
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53

e3��þα, β÷vαTβ = 2§Ù¥αT�α�=�.KÝ
βαT��

"A��� .

�Yµ 2 .

Ï�§Ý
βαT���1§¤±§βαT�k���"A��.

qÏ�§Ý
A�A���Ú�uÙÌé���Ú§


βαT�Ìé���Ú�uαTβ = 2§

¤±§βαT��"A���2.
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54

�α, β�3���þ§βT�β�=�.

eαβT�qu


2 0 0

0 0 0

0 0 0

§KβTα = .

�Yµ 2 .

Ï�§�qÝ
k�Ó�,.

�§βTα�uαβT�é����Ú§

¤±§βTα�uαβT�,= 2.
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54

�α, β�3���þ§βT�β�=�.

eαβT�qu


2 0 0

0 0 0

0 0 0

§KβTα = .

�Yµ 2 .

Ï�§�qÝ
k�Ó�,.

�§βTα�uαβT�é����Ú§

¤±§βTα�uαβT�,= 2.

�²Æ� �5�ê{ca¬ïÄ)\Æ�ÁÁK(2000 2017)



00 01 02 03 04 05 06 07 08 09 10 11 12 13 14 15 16 17

09

55

�α1, α2, α3´3��þ�mR3��|Ä§KdÄα1,
1
2
α2,

1
3
α3 �

Äα1 + α2, α2 + α3, α3 + α1�LÞÝ
´ .

A.


1 0 1

2 2 0

0 3 3

¶ B.


1 2 0

0 2 3

1 0 3

¶

C.


1
2

1
4

− 1
4

− 1
2

1
4

1
6

1
2

− 1
4

1
6

¶D.


1
2

− 1
2

1
2

1
4

1
4

− 1
4

− 1
6

1
6

1
6

 .

�Yµ A .
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55

�α1, α2, α3´3��þ�mR3��|Ä§KdÄα1,
1
2
α2,

1
3
α3 �

Äα1 + α2, α2 + α3, α3 + α1�LÞÝ
´ .

A.


1 0 1

2 2 0

0 3 3

¶ B.


1 2 0

0 2 3

1 0 3

¶

C.


1
2

1
4

− 1
4

− 1
2

1
4

1
6

1
2

− 1
4

1
6

¶D.


1
2

− 1
2

1
2

1
4

1
4

− 1
4

− 1
6

1
6

1
6

 .

�Yµ A .
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Ï�§
α1 + α2 = α1 + 2( 1

2
α2)

α2 + α3 = 2( 1
2
α2) + 3( 1

3
α3)

α3 + α1 = α1 + 3( 1
3
α3)

=
(
α1

1
2
α2

1
3
α3

)
1 0 1

2 2 0

0 3 3

.
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56

�A,Bþ�2�Ý
§A∗, B∗©O´Ý
A,B���Ý
§

e|A| = 2, |B| = 3§K©¬Ý


 0 A

B 0

 ���Ý
´ .

A.

 0 3B∗

2A∗ 0

¶B.

 0 2B∗

3A∗ 0

¶
C.

 0 3A∗

2B∗ 0

¶D.

 0 2A∗

3B∗ 0

.

�Yµ B .
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�A,Bþ�2�Ý
§A∗, B∗©O´Ý
A,B���Ý
§

e|A| = 2, |B| = 3§K©¬Ý


 0 A

B 0

 ���Ý
´ .

A.

 0 3B∗

2A∗ 0

¶B.

 0 2B∗

3A∗ 0

¶
C.

 0 3A∗

2B∗ 0

¶D.

 0 2A∗

3B∗ 0

.

�Yµ B .
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Ï�é?¿�_Ý
C§C−1 = |C|−1C∗§qÏ�§ 0 A

B 0

−1 =

 0 B−1

A−1 0

 =

 0 1
|B|B

∗

1
|A|A

∗ 0


= 1
|A||B|

 0 A

B 0

∗
 0 A

B 0

∗ = |A||B|

 0 1
|B|B

∗

1
|A|A

∗ 0


=

 0 |A|B∗

|B|A∗ 0

.
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57

�A,Pþ�3�Ý
§P T�P�=�§

�P TAP =


1 0 0

0 1 0

0 0 2

§
eP = (α1, α2, α3), Q = (α1 + α2, α2, α3), KQ

TAQ = .

A.


2 1 0

1 1 0

0 0 2

¶B.


1 1 0

1 2 0

0 0 2

¶

C.


2 0 0

0 1 0

0 0 2

¶D.


1 0 0

0 2 0

0 0 2

.
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�Yµ A .

Ï�Q = P


1 0 0

1 1 0

0 0 1

§

¤±§QTAQ =


1 1 0

0 1 0

0 0 1

P TAP


1 0 0

1 1 0

0 0 1



=


2 1 0

1 1 0

0 0 2

.
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�A =


1 −1 −1

−1 1 1

0 −4 −2

 , ξ1 =


1

−1

2

,

(1)¦÷vAξ2 = ξ1, A
2ξ3 = ξ1�¤k�þξ2, ξ3¶

(2)é(1)¥�?¿�þξ2, ξ3,y²µξ1, ξ2, ξ3�5Ã'.

)µ(1))�§|AX = ξ1.

é�§|�O2Ý
A¢�Ð�1C�z�

A =


1 −1 −1 1

−1 1 1 −1

0 −4 −2 2

→


1 0 − 1
2

1
2

0 1 1
2

− 1
2

0 0 0 0

§
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�A =


1 −1 −1

−1 1 1

0 −4 −2

 , ξ1 =


1

−1

2

,

(1)¦÷vAξ2 = ξ1, A
2ξ3 = ξ1�¤k�þξ2, ξ3¶

(2)é(1)¥�?¿�þξ2, ξ3,y²µξ1, ξ2, ξ3�5Ã'.

)µ(1))�§|AX = ξ1.

é�§|�O2Ý
A¢�Ð�1C�z�

A =


1 −1 −1 1

−1 1 1 −1

0 −4 −2 2

→


1 0 − 1
2

1
2

0 1 1
2

− 1
2

0 0 0 0
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¤±§ξ2 =


1
2

+ 1
2
k1

− 1
2
− 1

2
k1

k1

§Ù¥§k1�?¿ê.

qÏ�§A2 =


2 2 0

−2 −2 0

4 4 0

§¤±§
�§|A2X = ξ1�O2Ý
²LÐ�1C�z�

2 2 0 1

−2 −2 0 −1

4 4 0 2

→


1 1 0 1
2

0 0 0 0

0 0 0 0

§
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¤±§ξ3 =


1
2
− k2

k2

k3

 §Ù¥§k2, k3�?¿ê.

(2)Ï�é?¿�k1, k2, k3§1�ª∣∣∣∣∣∣∣∣∣
1 1

2
+ 1

2
k1

1
2
− k2

−1 − 1
2
− 1

2
k1 k2

2 k1 k3

∣∣∣∣∣∣∣∣∣ = 1
2
6= 0§

¤±§é?¿�ξ2, ξ3§Ñkξ1, ξ2, ξ3�5Ã'.
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59

��g.f(x1, x2, x3) = ax2
1 + ax2

2 + (a− 1)x2
3 + 2x1x3 − 2x2x3.

(1)¦�g.f�Ý
�¤kA��¶

(2)e�g.f�5�/�y21 + y22§¦a��.

(1)�g.f�Ý
�A =


a 0 1

0 a −1

1 −1 a− 1

§
A�õ�ª|λI −A| = (λ− a)(λ− a− 2)(λ− a+ 1).

¤±§A�¤kA���a, a+ 2, a− 1.

(2) Ï��g.�5�/�y21 + y22§

¤±§A���2§��.5�ê�2§

=§Akü���A��§��0A��.l
§a = 1.
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59

��g.f(x1, x2, x3) = ax2
1 + ax2

2 + (a− 1)x2
3 + 2x1x3 − 2x2x3.

(1)¦�g.f�Ý
�¤kA��¶

(2)e�g.f�5�/�y21 + y22§¦a��.

(1)�g.f�Ý
�A =


a 0 1

0 a −1

1 −1 a− 1

§
A�õ�ª|λI −A| = (λ− a)(λ− a− 2)(λ− a+ 1).

¤±§A�¤kA���a, a+ 2, a− 1.

(2) Ï��g.�5�/�y21 + y22§

¤±§A���2§��.5�ê�2§

=§Akü���A��§��0A��.l
§a = 1.
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60

�A =


1 2 1

1 a+ 2 a+ 1

−1 a− 2 2a− 3

¶
e�33��"Ý
B§¦�AB = 0§

(1)¦a��¶(2)¦�§|AX = 0�Ï).

)µ(1)Ï��3�"Ý
B§¦�AB = 0§

¤±§A�1�ª|A| = 0.
§|A| = a(a− 2)§

¤±§a = 0½a = 2.

(2) a = 0�§AX = 0Ó)u

 x1 + 2x2 + x3 = 0

x3 = 0
§
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60

�A =


1 2 1

1 a+ 2 a+ 1

−1 a− 2 2a− 3

¶
e�33��"Ý
B§¦�AB = 0§

(1)¦a��¶(2)¦�§|AX = 0�Ï).

)µ(1)Ï��3�"Ý
B§¦�AB = 0§

¤±§A�1�ª|A| = 0.
§|A| = a(a− 2)§

¤±§a = 0½a = 2.

(2) a = 0�§AX = 0Ó)u

 x1 + 2x2 + x3 = 0

x3 = 0
§
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Ï)�



−2k

k

0

 |k�?¿ê
.

a = 2�§AX = 0Ó)u

{
x1 + 2x2 + x3 = 0

x2 + x3 = 0

Ï)�


 k1

−k1
k1

 |k1�?¿ê
.
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61

�3�Ý
A�A���1, 1,−2,éA�A��þ�g�

α1 =


0

1

0

 ; α2 =


1

0

1

 , α3 =


1

0

−1

.

(1)¦Ý
A¶(2)¦A2009.

(1)3��
Akn��5Ã'�A��þα1, α2, α3§

±α1, α2, α3�����_Ý


P =


0 1 1

1 0 0

0 1 −1

§P−1 =


0 1 0

1
2

0 1
2

1
2

0 − 1
2

§
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61

�3�Ý
A�A���1, 1,−2,éA�A��þ�g�

α1 =


0

1

0

 ; α2 =


1

0

1

 , α3 =


1

0

−1

.

(1)¦Ý
A¶(2)¦A2009.

(1)3��
Akn��5Ã'�A��þα1, α2, α3§

±α1, α2, α3�����_Ý


P =


0 1 1

1 0 0

0 1 −1

§P−1 =


0 1 0

1
2

0 1
2

1
2

0 − 1
2
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K§P−1AP =


1 0 0

0 1 0

0 0 −2

§l
§

A = P


1 0 0

0 1 0

0 0 −2

P−1 =


− 1

2
0 3

2

0 1 0

3
2

0 − 1
2

.
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(2)A2009 = P


1 0 0

0 1 0

0 0 −2


2009

P−1

=


1
2
− 22008 0 1

2
+ 22008

0 1 0

1
2

+ 22008 0 1
2
− 22008

.
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62

�A´m× nÝ
§B´n×mÝ
§I´m�ü Ý
§

eAB = I§K .

A.�r(A) = m§�r(B) = m¶B.�r(A) = m§�r(B) = n¶

C.�r(A) = n§�r(B) = m¶ D.�r(A) = n§�r(B) = n.

�Yµ A .

Ï�§A´m× nÝ
§B´n×mÝ
§

¤±§r(A) ≤ m, r(B) ≤ m§


§m = r(AB) ≤ r(A),m = r(AB) ≤ r(B)§

¤±§r(A) = r(B) = m.
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62

�A´m× nÝ
§B´n×mÝ
§I´m�ü Ý
§

eAB = I§K .

A.�r(A) = m§�r(B) = m¶B.�r(A) = m§�r(B) = n¶

C.�r(A) = n§�r(B) = m¶ D.�r(A) = n§�r(B) = n.

�Yµ A .

Ï�§A´m× nÝ
§B´n×mÝ
§

¤±§r(A) ≤ m, r(B) ≤ m§


§m = r(AB) ≤ r(A),m = r(AB) ≤ r(B)§

¤±§r(A) = r(B) = m.
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63

�A´4�é¡Ý
§�A2 +A = 0§eA���3§KA�qu .

A.


1

1

1

0

¶ B.


1

1

−1

0

¶

C.


1

−1

−1

0

¶D.


−1

−1

−1

0


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�Yµ D .

Ï�§A�qué�
D§

¤±§�3�_Ý
P§¦�P−1AP = D§¤±§

D2 +D = (P−1AP )2 + P−1AP = P−1(A2 +A)P = 0.

64

�α1 =


1

2

−1

0

 , α2 =


1

1

0

2

 , α3 =


2

1

1

a

§
edα1, α2, α3/¤��þ�m��ê´2§Ka = .
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�Yµ D .

Ï�§A�qué�
D§

¤±§�3�_Ý
P§¦�P−1AP = D§¤±§

D2 +D = (P−1AP )2 + P−1AP = P−1(A2 +A)P = 0.

64

�α1 =


1

2

−1

0

 , α2 =


1

1

0

2

 , α3 =


2

1

1

a

§
edα1, α2, α3/¤��þ�m��ê´2§Ka = .
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�Yµ 6

Ï�dα1, α2, α3/¤��þ�m��ê´2§�Ò´�þ

|α1, α2, α3��´2.

±α1, α2, α3����Ý
§¿Ð�1C�§z��F/
1 1 2

2 1 1

−1 0 1

0 2 a

→


1 1 2

0 1 3

0 0 a− 6

0 0 0

§
α1, α2, α3��´2⇔ a = 6.
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65

��þ|I : α1, α2, ..., αr�±d�þ|II : β1, β2, ..., βs�5L

Ñ.e�·K�(�´ .

A.e�þ|I�5Ã'§Kr ≤ s¶

B.e�þ|I�5�'§Kr > s¶

C.e�þ|II�5Ã'§Kr ≤ s¶
D.e�þ|II�5�'§Kr > s.

�Yµ A

�þ|�þ�êõ���þ�ê���5LÑ§õ��½�5

�'.

�_·KØ¤á.
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65

��þ|I : α1, α2, ..., αr�±d�þ|II : β1, β2, ..., βs�5L

Ñ.e�·K�(�´ .

A.e�þ|I�5Ã'§Kr ≤ s¶

B.e�þ|I�5�'§Kr > s¶

C.e�þ|II�5Ã'§Kr ≤ s¶
D.e�þ|II�5�'§Kr > s.

�Yµ A

�þ|�þ�êõ���þ�ê���5LÑ§õ��½�5

�'.

�_·KØ¤á.
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66

�A,B�3�Ý
§�|A| = 3, |B| = 2, |A−1 +B| = 2§

K|A+B−1| = .

�Yµ 3

Ï�§|A||A−1 +B| = |A(A−1 +B)| = |I +AB| = 6§

�§|A+B−1||B| = |(A+B−1)B| = |AB + I| = 6§

¤±§|A+B−1| = 3.
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66

�A,B�3�Ý
§�|A| = 3, |B| = 2, |A−1 +B| = 2§

K|A+B−1| = .

�Yµ 3

Ï�§|A||A−1 +B| = |A(A−1 +B)| = |I +AB| = 6§

�§|A+B−1||B| = |(A+B−1)B| = |AB + I| = 6§

¤±§|A+B−1| = 3.
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67

�A =


λ 1 1

0 λ− 1 0

1 1 λ

§b =


a

1

1

.

®��5�§|AX = b�3ü�ØÓ�).

(1)¦λ, a¶(2)¦�§|AX = b�Ï).

)µ(1)�§|�O2Ý
A =


λ 1 1 a

0 λ− 1 0 1

1 1 λ 1

§
²Ð�1C�§Az�
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�A =


λ 1 1

0 λ− 1 0

1 1 λ

§b =


a

1

1

.

®��5�§|AX = b�3ü�ØÓ�).

(1)¦λ, a¶(2)¦�§|AX = b�Ï).

)µ(1)�§|�O2Ý
A =


λ 1 1 a

0 λ− 1 0 1

1 1 λ 1

§
²Ð�1C�§Az�
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A→


1 1 λ 1

0 λ− 1 0 1

0 0 1− λ2 a− λ+ 1

§
AX = bkü�ØÓ�)§¤±§

λ 6= 1 (λ = 1�§|Ã))

1− λ2 = 0 (6= 0�§|)��)

a− λ+ 1 = 0 (6= 0�§|Ã))

⇒

 λ = −1

a = −2
.

(2)�§|Ó)u

 x1 + x2 − x3 = 1

−2x2 = 1
§
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k��A)


3
2

− 1
2

0

§�Ñ|Ä:)X�


1

0

1

 §

Ï)�




3
2

− 1
2

0

+ k


1

0

1

 |k´?¿ê
.
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®��g.f(x1, x2, x3) = XTAX3��C�X = QYe�IO.

´y21 + y22§�Q�1n�´


√
2
2

0
√
2
2

 .

(1) ¦Ý
A¶

(2)y²A+ I´�½Ý
§Ù¥I´3�ü Ý
.

)µ(1)Ï�Q´��Ý
§

¤±§Q���þ´üü���ü �þ.

�²Æ� �5�ê{ca¬ïÄ)\Æ�ÁÁK(2000 2017)



00 01 02 03 04 05 06 07 08 09 10 11 12 13 14 15 16 17

10

68

®��g.f(x1, x2, x3) = XTAX3��C�X = QYe�IO.
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
√
2
2

0
√
2
2

 .

(1) ¦Ý
A¶

(2)y²A+ I´�½Ý
§Ù¥I´3�ü Ý
.

)µ(1)Ï�Q´��Ý
§

¤±§Q���þ´üü���ü �þ.
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b�Q�����þ�


x1

x2

x3

§K§

√
2
2
x1 + 0x2 +

√
2
2
x3 = 0 (��þ�p��)

x2
1 + x2

2 + x2
3 = 1 (��þ�ü �þ)

�±)�Q�,	ü���þ�


−
√
2
2

0
√
2
2

 ,


0

1

0

§

¤±§Q =


−
√
2
2

0
√
2
2

0 1 0
√
2
2

0
√
2
2

§�QTAQ =


1 0 0

0 1 0

0 0 0

§
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A = Q


1 0 0

0 1 0

0 0 0

QT =


1
2

0 − 1
2

0 1 0

− 1
2

0 1
2

.

(2)Ï�A�qu(ÜÓu)


1 0 0

0 1 0

0 0 0

§

¤±§A+ I�qu(ÜÓu)


2 0 0

0 2 0

0 0 1

§´�½Ý
.
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�A =


0 −1 4

−1 3 a

4 a 0

§e11��


1√
6

2√
6

1√
6

���Ý
Q§¦�
QTAQ�é�
§¦a§Q.

)µÏ�Q´��Ý
§¤±§QT = Q−1§

qÏ�QTAQ´é�
§

¤±§Q���þ´Ý
A�A��þ§=§
0 −1 4

−1 3 a

4 a 0




1√
6

2√
6

1√
6

 = λ


1√
6

2√
6

1√
6

§)�λ = 2, a = −1.
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�A =
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
1√
6

2√
6

1√
6

���Ý
Q§¦�
QTAQ�é�
§¦a§Q.

)µÏ�Q´��Ý
§¤±§QT = Q−1§

qÏ�QTAQ´é�
§

¤±§Q���þ´Ý
A�A��þ§=§
0 −1 4

−1 3 a

4 a 0




1√
6

2√
6

1√
6

 = λ


1√
6

2√
6

1√
6

§)�λ = 2, a = −1.
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Ý
A�A�õ�ª

∣∣∣ λI −A ∣∣∣ =

∣∣∣∣∣∣∣∣∣
λ 1 −4

1 λ− 3 1

−4 1 λ

∣∣∣∣∣∣∣∣∣ = (λ+ 4)(λ− 5)(λ− 2)§

kA��λ1 = −4, λ2 = 5, λ3 = 2.

λ2 = 5�\(λI −A)X = 0�


5 1 −4

1 2 1

−4 1 5



x1

x2

x3

 = 0§

k�")


1

−1

1

§ü z�


1√
3

− 1√
3

1√
3
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λ1 = −4�\(λI −A)X = 0�


−4 1 −4

1 −7 1

−4 1 −4



x1

x2

x3

 = 0§

k�")


1

0

−1

§ü z�


1√
2

0

− 1√
2

¶

λ3 = 2�ü A��þ�


1√
6

2√
6

1√
6

§Q =


1√
6

1√
2

1√
3

2√
6

0 − 1√
3

1√
6
− 1√

2
1√
3


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�A�3)Ý
§òA�12�\�11��Ý
B§2��B�

121�131�ü Ý
§P

P1 =


1 0 0

1 1 0

0 0 1

 , P2 =


1 0 0

0 0 1

0 1 0

§KA = .

A.P1P2¶ B.P−11 P2¶ C.P2P1¶ D.P2P
−1
1 .

�Yµ D .

Ï�Ð��C�§Ò´3Ý
�mý¦�A�Ð�Ý
¶Ð�

1C�§Ò´3Ý
��ý¦�A�Ð�Ý
"

¤±§P2AP1 = I§A = P−12 P−11 = P2P
−1
1 .
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A.P1P2¶ B.P−11 P2¶ C.P2P1¶ D.P2P
−1
1 .

�Yµ D .

Ï�Ð��C�§Ò´3Ý
�mý¦�A�Ð�Ý
¶Ð�

1C�§Ò´3Ý
��ý¦�A�Ð�Ý
"

¤±§P2AP1 = I§A = P−12 P−11 = P2P
−1
1 .
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�A =
(
α1 α2 α3 α4

)
´4�Ý
§A∗�A���Ý
§e

α =


1

0

1

0

´AX = 0�Ä:)X§KA∗X = 0�Ä:)X�� .

A.α1, α2¶ B.α1, α3¶ C.α1, α2, α3¶ D.α2, α3, α4.

�Yµ D .

Ï�α´AX = 0�Ä:)X§

¤±§r(A) = 3§�§α1 + α3 = 0§
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�A =
(
α1 α2 α3 α4

)
´4�Ý
§A∗�A���Ý
§e

α =


1

0

1

0

´AX = 0�Ä:)X§KA∗X = 0�Ä:)X�� .

A.α1, α2¶ B.α1, α3¶ C.α1, α2, α3¶ D.α2, α3, α4.

�Yµ D .

Ï�α´AX = 0�Ä:)X§

¤±§r(A) = 3§�§α1 + α3 = 0§
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qÏ�§A∗A = AA∗ = |A|I = 0§

¤±§r(A∗) = 1§A���þ´A∗X = 0�)§

�§A∗X = 0�Ä:)X¹n�).

A�n��5Ã'���þ�¤A∗X = 0�Ä:)X.


§α1, α2, α3�5�'§

¤±§Ä:)X´α2, α3, α4.

72

e�g­¡��§x2 + 3y2 + z2 + 2axy + 2xz + 2yz = 4§²��

C�z�y21 + 4z21 = 4§Ka = .

�Yµ 1 .
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�g­¡�§�A��g.x2 + 3y2 + z2 + 2axy + 2xz + 2yz

�A�Ý
´A =


1 a 1

a 3 1

1 1 1

§
Ï�²��C�z�y21 + 4z21 = 4§¤±§r(A) = 2§|A| = 0.


§

∣∣∣∣∣∣∣∣∣
1 a 1

a 3 1

1 1 1

∣∣∣∣∣∣∣∣∣ = −(a− 1)2§¤±§a = 1.
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�g.f(x1, x2, x3) = x2
1 + 3x2

2 + x2
3 + 2x1x2 + 2x2x3 + 2x1x3§

Kf��.5�ê´ .

�Yµ 2 .

�.5�ê�u�g.Ý
��A���ê"f�Ý


A =


1 1 1

1 3 1

1 1 1

§A�õ�ª
∣∣∣∣∣∣∣∣∣
λ− 1 −1 −1

−1 λ− 3 −1

−1 −1 λ− 1

∣∣∣∣∣∣∣∣∣
= λ(λ− 1)(λ− 4)§kü��A��.�.5�ê�u2.
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�g.f(x1, x2, x3) = x2
1 + 3x2

2 + x2
3 + 2x1x2 + 2x2x3 + 2x1x3§

Kf��.5�ê´ .

�Yµ 2 .

�.5�ê�u�g.Ý
��A���ê"f�Ý


A =


1 1 1

1 3 1

1 1 1

§A�õ�ª
∣∣∣∣∣∣∣∣∣
λ− 1 −1 −1

−1 λ− 3 −1

−1 −1 λ− 1

∣∣∣∣∣∣∣∣∣
= λ(λ− 1)(λ− 4)§kü��A��.�.5�ê�u2.
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�A´4× 3Ý
§η1, η2, η3´�àg�5�§|AX = β�3��5

Ã'�)§k1, k2�?¿ê§KAX = β�Ï)� .

A.η2+η3
2

+ k1(η2 − η1)¶ B.η2−η3
2

+ k2(η2 − η1)¶
C.η2+η3

2
+k1(η3−η1)+k2(η2−η1)¶D.η2−η3

2
+k1(η3−η1)+k2(η2−η1).

�Yµ C .

A´4× 3Ý
§AX = 0Ä:)X�õ¹ü�). η1, η2, η3´�

àg�5�§|AX = β�3��5Ã'�)§¤±§

η3 − η1, η2 − η1´AX = 0�Ä:)X§�§η2+η3
2
´AX = β��

�)§¤±§Ï)´η2+η3
2

+ k1(η3 − η1) + k2(η2 − η1).
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�A´4× 3Ý
§η1, η2, η3´�àg�5�§|AX = β�3��5

Ã'�)§k1, k2�?¿ê§KAX = β�Ï)� .
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A´4× 3Ý
§AX = 0Ä:)X�õ¹ü�). η1, η2, η3´�

àg�5�§|AX = β�3��5Ã'�)§¤±§

η3 − η1, η2 − η1´AX = 0�Ä:)X§�§η2+η3
2
´AX = β��

�)§¤±§Ï)´η2+η3
2

+ k1(η3 − η1) + k2(η2 − η1).
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��g.f(x1, x2, x3) = XTAX���1§A¥1���Ú�3§

Kf3��C�eX = QY�IO.� .

�Yµ 3y21 .

�g.���u2§A�k���"A��§

qÏ�§A�z1���Ú�u3§

A


1

1

1

 =


3

3

3

 = 3


1

1

1

§
3´A����"A��§

¤±§��C��e�IO.�k���"§�Xê�3.
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3
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1
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3´A����"A��§
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��þ|α1 =


1

0

1

 , α2 =


0

1

1

 , α3 =


1

3

5

ØUd�þ|
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§Ù
¥c1, c2, c3, c4�?¿~ê§Ke��þ|�5�'�´ .

A.α1, α2, α3¶ B.α1, α2, α4¶ C.α1, α3, α4¶ D.α2, α3, α4.

�Yµ C .

c1 6= 0�§α1, α2, α3�5Ã'¶α1, α2, α4��5Ã'¶

c3 + c4 6= 0�§α2, α3, α4�5Ã'¶
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§|A| = 3§A∗�A���Ý
§e��A�111�

121�Ý
B§K|BA∗| = .

�Yµ −27 .

Ï�B = P (1, 2)A§�AA∗ = |A|I§¤±§

|BA∗| = |P (1, 2)AA∗| = |P (1, 2)||AA∗| = (−1)||A|I|
= (−1)|A|3 = −27.
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1

−1

0

0

.
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1 a 0
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0 0 1
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a 0 0
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0 1 a

∣∣∣∣∣∣∣∣∣ = 1− a4.
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1− a 1− a 3 + a2

§
r(ATA) = 2§|ATA| = (3 + a2)(a+ 1)2 = 0§a = −1.

(2)�g.�Ý
ATA =


2 0 2

0 2 2

2 2 4

§

A�õ�ª|λI −ATA| =

∣∣∣∣∣∣∣∣∣
λ− 2 0 −2

0 λ− 2 −2

−2 −2 λ− 4

∣∣∣∣∣∣∣∣∣
= λ(λ− 2)(λ− 6).
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A���λ1 = 0, λ2 = 2, λ3 = 6§

òλ1 = 0�\(λI −ATA)X = 0§
−2 0 −2

0 −2 −2

−2 −2 −4



x1

x2

x3

 = 0§�A��þ


1

1

−1

§
òλ2 = 2�\(λI −ATA)X = 0§

0 0 −2

0 0 −2

−2 −2 −2



x1

x2

x3

 = 0§�A��þ


−1

1

0

§
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òλ3 = 6�\(λI −ATA)X = 0§
4 0 −2

0 4 −2

−2 −2 2



x1

x2

x3

 = 0§�A��þ


1

1

2

§

ü z�©O�


1√
3

1√
3

− 1√
3

 ,


− 1√

2

1√
2

0

 ,


1√
6

1√
6

2√
6



�Q =


1√
3
− 1√

2
1√
6

1√
3

1√
2

1√
6

− 1√
3

0 2√
6

§
��C�X = QY§z�g.�IO.´2y22 + 4y23.
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�A,B,Cþ�n�Ý
§eAB = C§�B�_§K .

A.Ý
C�1�þ|�Ý
A�1�þ|�d¶

B.Ý
C���þ|�Ý
A���þ|�d¶

C.Ý
C�1�þ|�Ý
B�1�þ|�d¶

D.Ý
C���þ|�Ý
B���þ|�d.

�Yµ B

Ý
¦ÈAB���þ�A���þ��5|Ü§1�þ

�B�1�þ��5|Ü. ¤±§C���þ|�A���þ|�|

Ü¶
A = CB−1§A���þ|�C���þ|�|Ü¶

¤±§C���þ|�A���þ|�d.
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�A,B,Cþ�n�Ý
§eAB = C§�B�_§K .

A.Ý
C�1�þ|�Ý
A�1�þ|�d¶

B.Ý
C���þ|�Ý
A���þ|�d¶

C.Ý
C�1�þ|�Ý
B�1�þ|�d¶

D.Ý
C���þ|�Ý
B���þ|�d.

�Yµ B

Ý
¦ÈAB���þ�A���þ��5|Ü§1�þ

�B�1�þ��5|Ü. ¤±§C���þ|�A���þ|�|

Ü¶
A = CB−1§A���þ|�C���þ|�|Ü¶

¤±§C���þ|�A���þ|�d.
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Ý



1 a 1

a b a

1 a 1

�


2 0 0

0 b 0

0 0 0

�q�¿©7�^�´ .

A.a = 0, b = 2¶B.a = 0§b�?¿ê¶

C.a = 2, b = 0¶D.a = 2§b�?¿ê

�Yµ B .

�qÝ
k�Ó�A��.
1 a 1

a b a

1 a 1

�A�õ�ª
∣∣∣∣∣∣∣∣∣
λ− 1 −a −1

−a λ− b −a

−1 −a λ− 1

∣∣∣∣∣∣∣∣∣ = 0
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Ý



1 a 1

a b a

1 a 1

�


2 0 0

0 b 0

0 0 0

�q�¿©7�^�´ .

A.a = 0, b = 2¶B.a = 0§b�?¿ê¶

C.a = 2, b = 0¶D.a = 2§b�?¿ê

�Yµ B .

�qÝ
k�Ó�A��.
1 a 1

a b a

1 a 1

�A�õ�ª
∣∣∣∣∣∣∣∣∣
λ− 1 −a −1

−a λ− b −a

−1 −a λ− 1

∣∣∣∣∣∣∣∣∣ = 0
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kn��2, b, 0§∣∣∣∣∣∣∣∣∣
2− 1 −a −1

−a 2− b −a

−1 −a 2− 1

∣∣∣∣∣∣∣∣∣ = 0§�a = 0§

∣∣∣∣∣∣∣∣∣
b− 1 0 −1

0 b− b 0

−1 0 b− 1

∣∣∣∣∣∣∣∣∣ = 0§�b´?¿ê§

¤±§a = 0§b�?¿ê.
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�A = (aij)´3��"¢�
§|A|´A�1�ª§Aij´aij��ê
{fª.eaij +Aij = 0 (i, j = 1, 2, 3)§K|A| = .

)�µ −1 .

Ï� A∗ =


−a11 −a21 −a31
−a12 −a22 −a32
−a13 −a23 −a33

 = −AT§

¤±§|A∗| = (−1)3|AT | = −|A|§qÏ�§AA∗ = |A|I§

�§|A| = ai1Ai1 + ai2Ai2 + ai3Ai3 = −(a2i1 + a2i2 + a2i3) 6= 0§

¤±§|A∗| = |A|2§=§|A|2 = −|A|, |A|2 + |A| = 0§

|A| = −1.
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�A = (aij)´3��"¢�
§|A|´A�1�ª§Aij´aij��ê
{fª.eaij +Aij = 0 (i, j = 1, 2, 3)§K|A| = .

)�µ −1 .

Ï� A∗ =


−a11 −a21 −a31
−a12 −a22 −a32
−a13 −a23 −a33

 = −AT§

¤±§|A∗| = (−1)3|AT | = −|A|§qÏ�§AA∗ = |A|I§

�§|A| = ai1Ai1 + ai2Ai2 + ai3Ai3 = −(a2i1 + a2i2 + a2i3) 6= 0§

¤±§|A∗| = |A|2§=§|A|2 = −|A|, |A|2 + |A| = 0§

|A| = −1.

�²Æ� �5�ê{ca¬ïÄ)\Æ�ÁÁK(2000 2017)



00 01 02 03 04 05 06 07 08 09 10 11 12 13 14 15 16 17

13

87

�A =

1 a

1 0

§B =

0 1

1 b

§�a, b�Û��§�3Ý
C§
¦�AC − CA = B§¿¦¤kÝ
C.

)µ�C =

x1 x2

x3 x4

§
KAC − CA =

 −x2 + ax3 −ax1 + x2 + ax4

x1 − x3 − x4 x2 − ax3

§
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�A =

1 a

1 0

§B =

0 1

1 b

§�a, b�Û��§�3Ý
C§
¦�AC − CA = B§¿¦¤kÝ
C.

)µ�C =

x1 x2

x3 x4

§
KAC − CA =

 −x2 + ax3 −ax1 + x2 + ax4

x1 − x3 − x4 x2 − ax3

§
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dAC − CA = B§�



−x2 + ax3 = 0

−ax1 + x2 + ax4 = 1

x1 − x3 − x4 = 1

x2 − ax3 = b

§

�§�O2Ý

0 −1 a 0 0

−a 1 0 a 1

1 0 −1 −1 1

0 1 −a 0 b

→


1 0 −1 −1 1

0 1 −a 0 0

0 0 0 0 1 + a

0 0 0 0 b

§
k)⇔ a = −1, b = 0.
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�§|�Ï)� x1 = 1 + x3 + x4

x2 = −x3

§x3, x4´gd��þ.

¤k�Ý
C =

1 + x3 + x4 −x3

x3 x4

§x3, x4´?¿ê.
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��g.f = 2(a1x1 + a2x2 + a3x3)
2 + (b1x1 + b2x2 + b3x3)

2§

Pα =


a1

a2

a3

§β =


b1

b2

b3

.

(1)y²�g.féA�Ý
´2ααT + ββT¶(2)eα, β���þ�

ü �þ§y²f3��C�e�IO.´2y21 + y22.

(1)Ï�2ααT + ββT = (2ααT + ββT )T´é¡Ý
§�

(
x1 x2 x3

)(
2


a1

a2

a3

(a1 a2 a3

)
+


b1

b2

b3

(b1 b2 b3

))
x1

x2

x3


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��g.f = 2(a1x1 + a2x2 + a3x3)
2 + (b1x1 + b2x2 + b3x3)

2§

Pα =


a1

a2

a3

§β =


b1

b2

b3

.

(1)y²�g.féA�Ý
´2ααT + ββT¶(2)eα, β���þ�

ü �þ§y²f3��C�e�IO.´2y21 + y22.

(1)Ï�2ααT + ββT = (2ααT + ββT )T´é¡Ý
§�

(
x1 x2 x3

)(
2


a1

a2

a3

(a1 a2 a3

)
+


b1

b2

b3

(b1 b2 b3

))
x1

x2

x3


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=
(
x1 x2 x3

)(
2


a1

a2

a3

(a1 a2 a3

))
x1

x2

x3



+
(
x1 x2 x3

)(
b1

b2

b3

(b1 b2 b3

))
x1

x2

x3


= 2(a1x1 + a2x2 + a3x3)

2 + (b1x1 + b2x2 + b3x3)
2.

¤±§�g.�Ý
´2ααT + ββT .

(2) Ï�α, β��§¤±§�§| a1x1 + a2x2 + a3x3 = 0

b1x1 + b2x2 + b3x3 = 0
kü )�þ§
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P�


c1

c2

c3

 §Q =


a1 b1 c1

a2 b2 c2

a3 b3 c3

§K§

Q´��Ý
§


x1

x2

x3

 = Q


y1

y2

y3

´��C�§�

QT
(

2


a1

a2

a3

(a1 a2 a3

)
+


b1

b2

b3

(b1 b2 b3

))
Q
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= QT
(

2


a1

a2

a3

(a1 a2 a3

)
+


b1

b2

b3

(b1 b2 b3

))
a1 b1 c1

a2 b2 c2

a3 b3 c3



=


a1 a2 a3

b1 b2 b3

c1 c2 c3

(2


a1

a2

a3

(a1 a2 a3

))
a1 b1 c1

a2 b2 c2

a3 b3 c3



+


a1 a2 a3

b1 b2 b3

c1 c2 c3

(

b1

b2

b3

(b1 b2 b3

))
a1 b1 c1

a2 b2 c2

a3 b3 c3


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= 2


1

0

0

(1 0 0
)

+


0

1

0

(0 1 0
)

=


2 0 0

0 1 0

0 0 0

 §
¤±§��C�X = QYz�g.�2y21 + y22.
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1�ª

∣∣∣∣∣∣∣∣∣∣∣∣

0 a b 0

a 0 0 b

0 c d 0

c 0 0 d

∣∣∣∣∣∣∣∣∣∣∣∣
= .

A.(ad− bc)2¶B.−(ad− bc)2¶C.a2d2 − b2c2¶D.b2c2 − a2d2.

�Yµ B .

|^1�ªÐm§��O�=�.
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�α1, α2, α3´3��þ§Ké?¿~êk, l§�þα1 + kα3, α2 + lα3

�5Ã'´�þα1, α2, α3�5Ã'�

A.7��¿©^�¶B.¿©�7�^�¶

C.¿©7�^�¶ D.Q�¿©q�7�^�.

�Yµ A .

eα1, α2, α3�5Ã'§Ké?¿~êk, l§|Ü

x1(α1 + kα3) + x2(α2 + iα3) = 0⇒ x1 = x2 = 0§

=§�±��α1 + kα3, α2 + lα3�5Ã'¶

�α1, α2�5Ã'�α3 = 0§é?¿~êk, l§�þ

α1 + kα3, α2 + lα3 Ñ�5Ã'§
α1, α2, α3(�5�'.
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��g.f = x2
1 − x2

2 + 2ax1x3 + 4x2x3�K.5�ê´1§Ka�

���� .

�Yµ [−2, 2] .

|^��§f = (x1 + ax3)
2 − (x2 − 2x3)

2 + (4− a2)x2
3

-


x1 + ax3 = y1

x2 − 2x3 = y2

x3 = y3

§=


x1 = y1 − ay3
x2 = y2 + 2y3

x3 = y3

§

z�g.�f = y21 − y22 + (4− a2)y23.
K.5�ê�1§4− a2 ≥ 0, −2 ≤ a ≤ 2.
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�A =


1 −2 3 −4

0 1 −1 1

1 2 0 −3

§I´3�ü Ý
.

(1)¦�§|AX = 0�Ä:)X¶

(2)¦÷vAB = I�¤kÝ
B.

)µ(1)éÝ
A¢�Ð�1C�§

A→


1 −2 3 −4

0 1 −1 1

0 0 1 −3

→


1 0 0 1

0 1 0 −2

0 0 1 −3


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3

1

.

(2)��3× 7Ý
(A I)§¿?1Ð�1C�

(A I)→


1 −2 3 −4 1 0 0

0 1 −1 1 0 1 0

0 0 1 −3 −1 −4 1


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1 0 0 1 2 6 −1

0 1 0 −2 −1 −3 1
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AX =


1

0

0

�Ï)

x1

x2

x3

x4

 =


2

−1

−1

0

+ k
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1

0
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6
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−4
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2

3
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 =


−1

1

1

0

+m


−1

2

3

1

¶

�Ü�Ý
B =


2− k 6− l −1−m

−1 + 2k −3 + 2l 1 + 2m

−1 + 3k −3 + 3l 1 + 3m

k l m

§
Ù¥§k, l,m´?¿ê.
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y²µn�Ý
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1 1 · · · 1

1 1 · · · 1
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. . .

...

1 1 · · · 1

 �


0 · · · 0 1

0 · · · 0 2
...

. . .
...

...

0 · · · 0 n

�q.

y²µÏ�ü�Ý
k�ÓA��λ1 = 0(n− 1­)§λ2 = n§

�


1 1 · · · 1

1 1 · · · 1
...

...
. . .

...

1 1 · · · 1

áuA��λ1 = 0kn− 1��5Ã'�A

��þ
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�Ý
A =


1 1 1

1 2 a

1 4 a2

§b =


1

d

d2

§e8ÜΩ = {1, 2}§K�5

�§|AX = bkÃ¡õ)�¿©7�^�´ .

A.a /∈ Ω, d /∈ Ω¶B.a /∈ Ω, d ∈ Ω¶

C.a ∈ Ω, d /∈ Ω¶D.a ∈ Ω, d ∈ Ω.

�Yµ D .

��Ý
(A b)§¿?1Ð�1C�§
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(A b) =


1 1 1 1

1 2 a b

1 4 a2 b2

→


1 1 1 1

0 1 a− 1 b− 1

0 0 a2 − 3a+ 2 b2 − 3b+ 2


AX = bkÃ¡õ)⇔ a2 − 3a+ 2 = b2 − 3b+ 2 = 0§

)�µa ∈ Ω�b ∈ Ω.
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��g.f(x1, x2, x3)3��C�X = PYe�IO.

´2y21 + y22 − y23§Ù¥P =
(
α1 α2 α3

)
.eQ =

(
α1 α3 α2

)
§

Kf(x1, x2, x3)3��C�X = QYe�IO.´

A.2y21−y22 +y23¶B.2y21 +y22−y23¶C.2y21−y22−y23¶D.2y21 +y22 +y23

�Yµ A .

��g.�Ý
�A§KAP = P


2 0 0

0 1 0

0 0 −1

§
=§Aα1 = 2α1¶Aα2 = α2¶Aα3 = −α3.
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¤±§AQ = Q


2 0 0

0 −1 0

0 0 1

.

�g.3��C�X = QYe§z�2y21 − y22 + y23.

96

n�1�ª

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
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−1 2 · · · 0 2
...
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. . .
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0 0 · · · −1 2
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�Yµ 2n+1 − 2 .

l���1m©§e�1¦2\�þ�1§1�ª��ØC§

�1�ª=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 0 · · · 0 2 + 22 + · · ·+ 2n−1 + 2n

−1 0 · · · 0 2 + 22 + · · ·+ 2n−2 + 2n−1

...
...

. . .
...

...

0 0 · · · 0 2 + 22

0 0 · · · −1 2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
2U1�1Ðm§

= (−1)n+1(2 + 22 + · · ·+ 2n−1 + 2n)

∣∣∣∣∣∣∣∣∣
−1 · · · 0
...

. . .
...

0 · · · −1

∣∣∣∣∣∣∣∣∣
= 2n+1 − 2.
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��þ|α1, α2, α3´3��þ�mF 3���Ä§

β1 = 2α1 + 2kα3, β2 = 2α2, β3 = α1 + (k + 1)α3.

(1)y²�þ|β1, β2, β3´F
3���Ä¶

(2)�k�Û��§�3�"�þξ3Äα1, α2, α3�Äβ1, β2, β3e�

�I�Ó§¿¦Ñ¤k�ξ.

(1)y² Ï�

x1β1 +x2β2 +x3β3 = (2x1 +x3)α1 +2x2α2 +[2kx1 +(k+1)x3]α3,

�α1, α2, α3�5Ã'§¤±§x1β1 + x2β2 + x3β3 = 0
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⇒


2x1 + x3 = 0

2x2 = 0

2kx1 + (k + 1)x3 = 0

�§|�Xê1�ª

∣∣∣∣∣∣∣∣∣
2 0 1

0 2 0

2k 0 k + 1

∣∣∣∣∣∣∣∣∣ = 4§

�§|�k").¤±§β1, β2, β3�5Ã'§´F
3�Ä.

(2)�ξ3ü�Äe��Ó�I´


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x2

x3
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ξ = (α1 α2 α3)
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x1

x2

x3

§

=§


1 0 1

0 1 0

2k 0 k



x1

x2

x3

 = 0k�"). �§k = 0.

�§|kÏ)



−k

0

k

 |k´?¿ê.
.

¤k�ξ�¤�8Üµ{ξ|ξ = −kα1 + kα3, k 6= 0}.
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�Ý
A =


0 2 −3

−1 3 −3

1 −2 a

�quÝ
B =


1 −2 0

0 b 0

0 3 1

.

(1)¦a, b��.(2)¦�_Ý
P§¦�P−1AP�é�
.

) (1)Ï�Ý
Bk�­A��λ1 = 1ÚA��λ2 = b§�á

u�­A��λ1 = 1kü��5Ã'�A��þ§

qÏ�A�B�q§¤±Ý
A�k�­A��λ1 = 1ÚA�

�λ2 = b§�áu�­A��λ1 = 1kü��5Ã'�A��þ§
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1 −2 a
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B =


1 −2 0

0 b 0

0 3 1

.

(1)¦a, b��.(2)¦�_Ý
P§¦�P−1AP�é�
.

) (1)Ï�Ý
Bk�­A��λ1 = 1ÚA��λ2 = b§�á

u�­A��λ1 = 1kü��5Ã'�A��þ§

qÏ�A�B�q§¤±Ý
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�λ2 = b§�áu�­A��λ1 = 1kü��5Ã'�A��þ§

�²Æ� �5�ê{ca¬ïÄ)\Æ�ÁÁK(2000 2017)



00 01 02 03 04 05 06 07 08 09 10 11 12 13 14 15 16 17

15

¤±§


λ −2 3

1 λ− 3 3

−1 2 λ− a



x1

x2

x3

 = 0§

3λ = 1��kü��5Ã'�).

�µa = 4.

Ý
A�1�ª|A| = 5§¤±§|B| = b = 5.

(2)òλ1 = 1�\(λI −A)X = 0§�áuA��λ1 = 1��5

Ã'�A��þµ

ξ1 =


2

1

0

 , ξ2 =


−3

0

1

¶
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òλ2 = 5�\(λI −A)X = 0§�áuA��λ2 = 5��5Ã

'�A��þµ

ξ3 =


1

1

−1

.

�P =


2 −3 1

1 0 1

0 1 −1

§KP−1AP =


1 0 0

0 1 0

0 0 5

.
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�3�Ý
A�A���2§-2§1§B = A2 −A+ I§Ù¥I´3�

ü Ý
§KB�1�ª|B| = .

�Yµ 21 .

Ï�§Ak3�ØÓA��2,−2, 1§¤±�3�_Ý
P§¦

�P−1AP =


2 0 0

0 −2 0

0 0 1

§¤±§
P−1BP = P−1(A2 −A+ I)P = (P−1AP )2 − (P−1AP ) + I
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�3�Ý
A�A���2§-2§1§B = A2 −A+ I§Ù¥I´3�

ü Ý
§KB�1�ª|B| = .

�Yµ 21 .

Ï�§Ak3�ØÓA��2,−2, 1§¤±�3�_Ý
P§¦

�P−1AP =


2 0 0

0 −2 0

0 0 1

§¤±§
P−1BP = P−1(A2 −A+ I)P = (P−1AP )2 − (P−1AP ) + I
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=


2 0 0

0 −2 0

0 0 1


2

−


2 0 0

0 −2 0

0 0 1

+


1 0 0

0 1 0

0 0 1



=


3 0 0

0 7 0

0 0 1

§
¤±§|B| = |P−1BP | = 21.
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�Ý
A =


a 1 0

1 a −1

0 1 a

§�A3 = 0.

(1)¦a��¶(2)eÝ
X÷vX −XA2 −AX +AXA2 = I§Ù

¥I´3�ü Ý
§¦X.

) (1)Ï�A3 = 0§¤±|A| = 0§=§|A| = a3 = 0§a = 0.

(2)Ï�

X −XA2 −AX +AXA2 = X(I −A2)−AX(I −A2)

= (X −AX)(I −A2) = (I −A)X(I −A2)
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§�A3 = 0.

(1)¦a��¶(2)eÝ
X÷vX −XA2 −AX +AXA2 = I§Ù

¥I´3�ü Ý
§¦X.

) (1)Ï�A3 = 0§¤±|A| = 0§=§|A| = a3 = 0§a = 0.

(2)Ï�

X −XA2 −AX +AXA2 = X(I −A2)−AX(I −A2)
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¤±§(I −A)X(I −A2) = I§qÏ�§

I −A =


1 −1 0

−1 1 1

0 −1 1

 , I −A2 =


0 0 1

0 1 0

−1 0 2

§

(I −A)−1 =


2 1 −1

1 1 −1

1 1 0

 , (I −A2)−1 =


2 0 −1

0 1 0

1 0 0

§

X = (I −A)−1(I −A2)−1 =


3 1 −2

1 1 −1

2 1 −1

.
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�A,B´�_Ý
§�A�B�q§Ke�(Ø�Ø�´ C .

A.AT�BT�q¶ B.A−1�B−1�q¶

C.A+AT�B +BT�q¶D.A+A−1�B +B−1�q¶

)� .

A�B�q⇔�3�_Ý
P§¦�P−1AP = B¶

¤±§(P−1AP )T = BT§(P−1AP )−1 = B−1§=§

P TAT (P−1)T = [(P−1)T ]−1AT (P−1)T = BT§

(P−1AP )−1 = P−1A−1(P−1)−1 = P−1A−1P = B−1§

P−1(A+A−1)P = P−1AP + P−1A−1P = B +B−1§
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101

�A,B´�_Ý
§�A�B�q§Ke�(Ø�Ø�´ C .

A.AT�BT�q¶ B.A−1�B−1�q¶

C.A+AT�B +BT�q¶D.A+A−1�B +B−1�q¶

)� .

A�B�q⇔�3�_Ý
P§¦�P−1AP = B¶

¤±§(P−1AP )T = BT§(P−1AP )−1 = B−1§=§

P TAT (P−1)T = [(P−1)T ]−1AT (P−1)T = BT§

(P−1AP )−1 = P−1A−1(P−1)−1 = P−1A−1P = B−1§

P−1(A+A−1)P = P−1AP + P−1A−1P = B +B−1§
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¤±§A.§B.§D.§þ¤á.

C.Ø¤á��~.

�A =

1 1

0 2

�B =

1 0

0 2

�q§
A+AT =

2 1

1 4

§B +BT =

2 0

0 4

§
|A+AT | = 7§|B +BT | = 8§

1�ªØ�§�½Ø�q.
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1�ª

∣∣∣∣∣∣∣∣∣∣∣∣

λ −1 0 0

0 λ −1 0

0 0 λ −1

4 3 2 λ+ 1

∣∣∣∣∣∣∣∣∣∣∣∣
= .

)� λ4 + λ3 + 2λ2 + 3λ+ 4 .∣∣∣∣∣∣∣∣∣∣∣∣

λ −1 0 0

0 λ −1 0

0 0 λ −1

4 3 2 λ+ 1

∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣∣

0 −1 0 0

λ2 λ −1 0

0 0 λ −1

4 + 3λ 3 2 λ+ 1

∣∣∣∣∣∣∣∣∣∣∣∣
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1�ª

∣∣∣∣∣∣∣∣∣∣∣∣

λ −1 0 0

0 λ −1 0

0 0 λ −1

4 3 2 λ+ 1

∣∣∣∣∣∣∣∣∣∣∣∣
= .

)� λ4 + λ3 + 2λ2 + 3λ+ 4 .∣∣∣∣∣∣∣∣∣∣∣∣

λ −1 0 0

0 λ −1 0

0 0 λ −1

4 3 2 λ+ 1

∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣∣

0 −1 0 0

λ2 λ −1 0

0 0 λ −1

4 + 3λ 3 2 λ+ 1

∣∣∣∣∣∣∣∣∣∣∣∣
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=

∣∣∣∣∣∣∣∣∣∣∣∣

0 −1 0 0

0 λ −1 0

λ3 0 λ −1

4 + 3λ+ 2λ2 3 2 λ+ 1

∣∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣∣

0 −1 0 0

0 λ −1 0

0 0 λ −1

4 + 3λ+ 2λ2 + (λ+ 1)λ3 3 2 λ+ 1

∣∣∣∣∣∣∣∣∣∣∣∣
= λ4 + λ3 + 2λ2 + 3λ+ 4.
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103

�Ý
A =


1 −1 −1

2 a 1

−1 1 a

§B =


2 2

1 a

−a− 1 −2

.

�a�Û��§�§AX = BÃ)!k��)!kÃ¡õ)ºk)

�§¦)d�§.

) ��Ý
(A B) =


1 −1 −1 2 2

2 a 1 1 a

−1 1 a −a− 1 −2

§
éÙ?1Ð�1C�§z��F/§�§AX = Bk)⇔�ü

�vkÌ�.
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�Ý
A =
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1 −1 −1

2 a 1

−1 1 a

§B =


2 2

1 a

−a− 1 −2

.

�a�Û��§�§AX = BÃ)!k��)!kÃ¡õ)ºk)

�§¦)d�§.

) ��Ý
(A B) =


1 −1 −1 2 2

2 a 1 1 a

−1 1 a −a− 1 −2

§
éÙ?1Ð�1C�§z��F/§�§AX = Bk)⇔�ü

�vkÌ�.
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→


1 −1 −1 2 2

0 a+ 2 3 −3 a− 4

0 0 a− 1 1− a 0

.

�a 6= −2�a 6= 1�§Ý
A�_§�§AX = Bk��).

?�Úò(A B)z�5��F/

→


1 0 0 1 3a

a+2

0 1 0 0 a−4
a+2

0 0 1 −1 0

§X =


1 3a

a+2

0 a−4
a+2

−1 0

.

�a = −2�§(A B)→


1 −1 −1 2 2

0 0 3 −3 −6

0 0 0 0 −6

§
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��ü�¥Ñy
Ì�§�§AX = BÃ).

�a = 1�§(A B)→


1 0 0 1 1

0 1 1 −1 −1

0 0 0 0 0


AX = BkÃ¡õ). òX?1�©¬§PX = (X1 X2)§

KAX1 =


2

1

−2

 , AX2 =


2

1

−2

.

=§)Ý
X���þ´�5�§|AX =


2

1

−2

�)�þ.
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AX = 0kÄ:)Xξ =


0

−1

1

§

AX =


2

1

−2

k��)ξ0 =


1

−1

0

¶

¤±§AX = B���)�X =


1 1

−1− k −1− l

k l

§
Ù¥§k, l´?¿ê.
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104

®�Ý
A =


0 −1 −1

2 −3 0

0 0 0

§
(1)¦A99¶

(2)�3�Ý
B =
(
α1 α2 α3

)
÷vB2 = BA.

PB100 =
(
β1 β2 β3

)
§òβ1, β2, β3©OL«¤α1, α2, α3��5

|Ü.

) (1)A�A�õ�ª|λI −A| = λ(λ+ 1)(λ+ 2)§

3�Ý
Ak3�ØÓA��λ1 = 0;λ2 = −1;λ3 = −2§�½

�qué�
.
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¦Ý
AáuA��λ1 = 0;λ2 = −1;λ3 = −2�A��þ§©

O�η1 =


−3

−2

2

 ; η2 =


1

1

0

 ; η3 =


1

2

0

§

�P =


−3 1 1

−2 1 2

2 0 0

§KP−1AP =


0 0 0

0 −1 0

0 0 −2

§

A99 = P


0 0 0

0 −1 0

0 0 −2


99

P−1
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=


−3 1 1

−2 1 2

2 0 0




0 0 0

0 −1 0

0 0 −299




0 0 1
2

2 −1 2

−1 1 − 1
2



=


299 − 2 1− 299 298 − 2

2100 − 2 1− 2100 299 − 2

0 0 0

.

(2)Ï�B2 = BA§¤±§

B100 = B98B2 = B98BA = B97B2A = B97BA2

= B96B2A2 = B96BA3 = · · · = BA99

=
(
α1 α2 α3

)
299 − 2 1− 299 298 − 2

2100 − 2 1− 2100 299 − 2

0 0 0
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��g.f = a(x2
1 + x2

2 + x2
3) + 2x1x2 + 2x1x3 + 2x2x3��!K.

5�ê©O�1,2§K .

A.a > 1¶B.a < −2¶C.−2 < a < 1¶D.a = 1½a = −2.

�Yµ C .

Ï��g.�Ý
A =


a 1 1

1 a 1

1 1 a
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kA��λ1 = a+ 2§λ2 = λ3 = a− 1.

f��.5�ê�1§K.5�ê�2¶¤±§

a+ 2 > 0�a− 1 < 0§=§−2 < a < 1.
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�Ý



a −1 −1

−1 a −1

−1 −1 a

�


1 1 0

0 −1 1

1 0 1

�d§Ka = .

�Yµ 2 .

Ý



1 1 0

0 −1 1

1 0 1

→


1 1 0

0 −1 1

0 0 0

§��2§
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Ý



a −1 −1

−1 a −1

−1 −1 a

→

−1 −1 a

0 a+ 1 −1− a

0 0 a2 − a− 2

§
�=2⇔ a = 2.
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�Ý
A =


1 1 1− a

1 0 a

a+ 1 1 a+ 1

§β =


0

1

2a− 2

§��§
|AX = βÃ).

(1)¦a��¶(2)¦�§|ATAX = ATβ�Ï).
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) (1)�§|�O2Ý
A =


1 1 1− a 0

1 0 a 1

a+ 1 1 a+ 1 2a− 2

§
Ð�1C�§zÙ��F/

A→


1 1 1− a 0

0 1 1− 2a −1

0 0 2a− a2 a− 2

§
�§AX = βÃ)⇔ 2a− a2 = 0, a− 2 6= 0§�§a = 0.

(2)a = 0�§ATA =


3 2 2

2 2 2

2 2 2

§ATβ =


−1

−2

−2
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�§AAX = ATβ�O2Ý
ATA =


3 2 2 −1

2 2 2 −2

2 2 2 −2

§

Ð�1C�z��F/ATA→

1 0 0 1

0 1 1 −2



ATAX = 0kÄ:)X


0

−1

1

§ATAX = ATβk)


1

−2

0

§

Ï)�X =


1

−2

0

+ k


0

−1

1

§k�?¿ê.
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�α´n���þ§I´n�ü Ý
§K .

A.I − ααTØ�_¶ B.I + ααTØ�_¶

C.I − 2ααTØ�_¶ D.I + 2ααTØ�_.

�Yµ A .

du(I − ααT )α = α− α(αTα) = 0§α´(I − ααT )X = 0�

�")§r(I − ααT ) < n§I − ααTØ�_.

���§e(I + bααT )X = 0§ü>Ó��¦αT§�

(αT + bαTααT )X = 0§(1 + b)αTX = 0§

eb 6= −1§KαTX = 0§=§(I + bααT )X = 0⇒ X = 0§

(I + bααT )X = 0�k")§I + bααT�_.
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®�Ý
A =


2 0 0

0 2 1

0 0 1

 , B =


2 1 0

0 2 0

0 0 1

 , C =


1 0 0

0 2 0

0 0 2

§
K .

A.A�C�q§B�C�q¶ B.A�C�q§B�CØ�q¶

C.A�CØ�q§B�C�q¶D.A�CØ�q§B�C�q.

�Yµ B .

n�Ý
k�Ó�A��(A�õ�ª)§

�áuA��λ = 2��5Ã'�A��þ�êØÓ§Ý


Akü�§Ý
Bk��§A�±é�z�C§BØUé�z�C.
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®�Ý
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§
K .
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�Ý
A =


1 0 1

1 1 2

0 1 1

§α1, α2, α3��5Ã'�3���þ§K�

þ|Aα1, Aα2, Aα3��� .

�Yµ 2 .

±α1, α2, α3����Ý
B§

KB´�_Ý
§�Aα1, Aα2, Aα3´AB��§

¤±§Aα1, Aα2, Aα3���uAB��§

qÏ�§B�_§A�AB�d§¤±§r(AB) = r(A) = 2.
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�Ý
A =


1 0 1

1 1 2

0 1 1
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�3�Ý
A =
(
α1 α2 α3

)
k3�ØÓA��§�α3 = α1 + 2α2.

(1)y²µr(A) = 2¶

(2)eβ = α1 + α2 + α3§¦�§AX = β�Ï).

) (1)Ï�§α3 = α1 + 2α2§¤±§

A


1

2

−1

 = α1 + 2α2 − α3 = 0§=§


1

2

−1

´Aáu0A��

�A��þ.

qÏ�Ak3�ØÓA��§A�qué�
§�Ak��0A

��§2�ØÓ��"A��§¤±§
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A�qu


0 0 0

0 a 0

0 0 b

§ab 6= 0§¤±§r(A) = 2.

(2)Ï�β = α1 + α2 + α3§

=§A


1

1

1

 = β§


1

1

1

´AX = β���)§


1

2

−1

´AX = 0�

���")§�´ÙÄ:)X§¤±§Ï)�
x1

x2

x3

 =


1

1

1

+ k


1

2

−1

§k´?¿ê.
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112

��g.f = 2x2
1 − x2

2 + ax2
3 + 2x1x2 − 8x1x3 + 2x2x33��C

�X = QYe�IO.�λ1y
2
1 +λ2y

2
2§¦a��9����Ý
Q.

) �g.f�Ý
A =


2 1 −4

1 −1 1

−4 1 a

§�df�IO
.§r(A) ≤ 2§�µa = 2.

A�A�õ�ªλI −A = λ(λ+ 3)(λ− 6)§

Ak3�ØÓA��λ1 = −3, λ2 = 0, λ3 = 6.

òA��©O�\(λI −A)X = 0§¦ÙA��þ§¿ü 
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λ1 = −3�A��þη1 =


−1

1

−1

§ü z�ξ1 =


− 1√

3

1√
3

− 1√
3

¶

λ2 = 0�A��þη2 =


1

2

1

§ü z�ξ2 =


1√
6

2√
6

1√
6

¶

λ3 = 6�A��þη3 =


−1

0

1

§ü z�ξ3 =


− 1√

2

0

1√
2

¶
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¤±§��Ý
´Q =


− 1√

3
1√
6
− 1√

2

1√
3

2√
6

0

− 1√
3

1√
6

1√
2
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